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We continue the study of a class of real analytic mappings (christened 
Fueter mappings) from open subsets of R” into R”. Thisclass has connec- 
tions with spaces of holomorphic functions and functions of quaternionic and 

_ octonionic variables. We characterise such mappings by a system of partial 
differential equations and determine conditions for their K-quasiconformality 
in the sense of Ahlfors. 


We also characterise the Jacobian matrices of these mappings. The Jacobian 
matrices form a family of subgroups of GL (nm, R) (which are mutually 
isomorphic) parametrised by certain projective spaces. 


INTRODUCTION 


This paper is a continuation of our study of Fueter’s interesting class of 
mappings. The domains and ranges are open subsets of R” (n > 2), and the maps are 
obtained by certain transformations of complex analytic functions. The mappings 
are as follows: Let ¢ be a holomorphic mapping whose domain is an open subset of 
the upper half plane U ={z : im(z) > 0}. The n-dimensional Fueter transform of ¢, 
en F,, (¢), is obtained by substituting in ¢ the expression (e, x, +...+,-; X,-1)/ 


(x! ritixe Peas. for the imaginary unit i. (Here R* has coordinate (Xo,..., X,-1) with 


unit vectors @9, €), .-., @n-1). 


One main reason for interest in the ‘Fueter maps’ stems from the fact that F, (¢) 
and F, (¢) are expressible as power series ina quaternionic or octonionic variable 
(respectively) when ¢ has formally-real expansion around real centres. 


Nag etal.? had proved that Fueter diffeomorphisms (and the corresponding 
quaternionic and octonionic mapping classes) from pseudogroups. The main interest 
has been in modelling C®% manifolds on these pseudogroups. In the same paper* a 
geometrical interpretation of how Fueter diffeomorphisms arise was discussed via 
certain “rotations” of complex analytic mappings. Using these principles we had 
been successful in characterising compact hypercomplex and Fueter manifolds in 


that paper. 
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In the present study our main purpose is to make a more algebraic attack on the 
study of these pseudogroups. First of all we are able to characterise Fueter mappings 
by a set of algebro-differential conditions. 


The problem of whether a given C® manifold can be assigned hypercomplex/ 
Fueter structure is of course intimately related to whether the structure group of the 
tangent bundle of the manifold can be reduced to the group of Jacobians of hypercom- 
plex/Fueter diffeomorphisms. In this paper we therefore study the Lie groups of 
Jacobian matrices and their corresponding Lie algebras. The results of Nag et al.® 
might therefore be approchable by pure differential geometric methods using the con- 
clusions of the present study. 


Imaeda and Imaeda®’’, have also pursued analytic functions of hypercomplex 
variables, extending work of Fueter et a/.. In section 4 we describe the connec- 
tion between the functions treated here and Imaedas’ functions. 


| THE FUETER TRANSFORMATION 
The precise definition of F, (¢) is: 


Let D bea regionin U (the standard upper half plane in C) and ’R” = R® 
— {x  — axis} (n > 2), we set 


Fy (D) = (G0 yoy Xa) ER": (wo(xE +... tah, )") ED} 
ae Al) 


Let ¢: D —C be complex analytic with real and imaginary part decomposition ¢ = & 
+ in, then 


F,, (¢): F, (D) > R" is defined by 
n—1 


F, (¢) i XOs tore Xn—1) = & (Xo, y) + » tere y (Xo y) maskin) 


j=l 


9 


1/2 
where y = (x3 ae Say = ) >0 


If the holomorphic map ¢ has real boundary values where the real axis abuts D then 
a direct application of the reflection principle guarantees that F, (¢) can be defined real 
analytically on the revolved domain F, (D) to 


gether with the correspondi i 
of the x) — axis, p ng portions 


We can also define a Fueter transform on 


analytic maps of several compl fe 
ables. [For the sake of simplicity of notation wec plex vari 


onsider the case of 2-complex variables]. 
Let ¢ = (¢,, $.): D> C? bean analytic map. 


(DC U? = { (a, 2) € G2: Im (z) >0; j= Teer} 


We define its Fueter transform F oY (¢) : Fo (D) > R" x Rn by 
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(2) 
is (¢) (Xos1 “T- Cf X15) ta sed + Cn-1 Xn-1915 X00 = = €1 X50 
+ nee = Cn-1 Ley) 


= (é, +(S Cut ie ) 6 + iS e; Xi) i) ...(3) 


; 1/2 
where ¢, = &; + inj, yi = (4.7 eee ee f ) <9 oe Dez, 


RP (D) = {xo,. + €y Xyy1 wee HF Cpa Xn- 515 


X02 as €1 X52 “eas. ve + en-1 Xjates): 
(X01 + iyi, X02 + iv.) € D, y; as above} C’ R" x 'R®. 


Some simple properties are given below. we 
F,(a¢) =aF,(¢),aER NS) 
F, (¢ + 4) = Fr (4) + F, (Y) ...(6) 
F,(¢ °%) = F, (¢)°¢ F, (¥) ta) 
Fr(jz° $)=jn° F, (9). .--(8) 
(j, is the conjugation in R" i. €., j, (Xo; ---» Xx-1) = (Xo, — Xi, «05 — Xn-a)) 
F, (¢~) = F, (¢)> (9) 
(whenever ¢~' is well defined with domain in U). 
F, (¢. ») = F, (¢)). F, (), forn = 4 or 8. ...(10) 


Remark : A Mobius (conformal) transformation (in dimensions n > 2) may not 
be a Fueter mapping. Indeed even the translation V > V + 6b, b not purely real, al- 
ready fails to be a Fueter map. 

Definition’ —Consider a differentiable mapping 

f: D(C R") > R*. 
Define, 
Sf = 4 (Df + (Df)") — 1m Tr (Df) I, 
where Df is the Jacobian matrix of f and Tr (D f) = Trace of Df. 
|S f || = (sum of the squares of the entries of S f)'/?. f is said to be K-quasiconformal 
if (1/Vn) ||S f || < K. 

Proposition 1.1—Suppose f =F, (¢) is a Fueter mapping. / is K-quasiconformal if 

| ny — nly | < 2K over the domain of ¢ = & + in. ...(11) 


(The result has already been announced in Nag et al.*). 


Proor : By direct calculation one obtains 
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yt ) (2n? — 4n) 
7 ea a YR 


Vn) ||Sf || = Qn — 417. 7 | ny — aly | S31 Wy — nly |. 
The result follows. 


Is fi = (1m 


2. CHARACTERIZATION OF FUETER MAPPINGS (ANALYTICALLY) 


Theorem 2.1—Let f = (fos ---> fr-1) = Fn (¢) : Fn (D) > R" be a Fueter mapping. 
Then / satisfies the following relations : 


8 
of = — 8 fo > 0) E a “8xp. _p=0,....” — | inh l2y 
Sk fy = 8; fe i, k > 9) ...(13) 
< Vif» Vf; > =0(j > 0). tine 


Supertrace of Jac(f) (= 5. fo — Ss 8; fj) 
jeol 


-2-o(f +..4+6, ) f(t +.4 2, )” 


Te ae ae etd) 


(in case n = 2,(15) becomes 5) /o0 — 5, 1 = 0 which is the second Cauchy-Riemann 
relation.) 








a n-1 
(80 fo) % = ne (5% fj)x;, k>O0 ...(16) 
(in case n = 2, (16) also reduces to the Second Cauchy-Riemann relation.) 
89 fo is a function of x, and Ee +..4+ x, ) = Y only, al bE} 
equivalently, : 
51 (Bo fo) _ 8280 fo) bn Cr fad 
x, xX» pe Mer tire Taegan ae 
(Ones, aXe ee) 
Se Si 9p fa 
Mk Xy Xp Xq 
for all p, 9, j,k > 0, x). xx. xp. X70, andk Aj, p~ gq. ...(18) 
SK ti . : ; 
Xk X, is a function of x) and ( x +... + 3 ¥ ) = Y only, ...(19) 


fork #j, j,k > 0. 
Equivalently, 





5. f, 4 rs 
3; ( vedi.) 5. ( oK Sj 5 dk Sj 
Stes tie oo ay Me es 
x, ant Poa ee OE ox eee = an _ : a 
Xo ...(19a) 
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ROR he tet ans) Yeas 


So (Xos +013 Xn-1) = (0 sy (x; Aa ig ae oe ) Se fy ) x» ...(20) 


XK xX; 





fot: kf OR 4: Si; xP 20> p'> 0. 


5x f 8x (39 fo) - 2 8, (5 
33 TSE (4 k Jj )+2 k (% Jo } ae (So fo) 
A 0 fo as 0 Xk x; Xk 5 Xp Sp 4 ese pay 
— 6y On fp 6y* (2 dx Ii ) im a 5 } a ( SKS; )] 
XK Xj Xr XK Xj Xana beet: XK x; 
= 0 ...(21) 


k= J, K, j, tr, Pr.g, 8 > 0, x). Xp. Kas At he FeO, 
P 1/2 
y= (x as wee + ca} ; 


{(21) is unambiguous because of (17a) and (19a)]. 
y? a ales lS a? a ( a )=0 ...(22) 
Pp 


Xk Xj Xq Xk xX; 





Xj. XK. Xp. Xq = 0, k F J, J; k, p, q > 0. 
Proor : The Cauchy-Riemann relation between € and 4 and Laplace’s equation 
An = 0 (which is (21)) implies all the above formulae. 


Theorem 2.2—f =(hfo; +» fn): D(C’ R" > R" is a Fueter map if and only 
if it satisfies formulas (12) and (17) — (22). 


1/2 
Proor: Lety = (xi + ..4 x8, ) 


8 
Put 1 (xo, ¥) = y (8 Sees: ree 
(it is unambiguous because of (17), (18) and (19)) then by (20) 


fe = * mk > 0. 


The equation (12) says 
Xk 


& f= —%fhk=- ee 
Therefore, 

8; ho eek a Sn-1 fo 

age it bs 


equivalently f, depends on x» and y only (which means that on x» and y constant loci 
fo takes constant values). 
One may therefore unambiguously define 


E (x0, Y) =fo (Xo + 1% oe TF Cn-t 4). 
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Then by eqn. (12) = — nx, 

and by eqn. (22) &, = So fo = np». 
Equation (21) says y is harmonic in the relavent domain of the x» — y plane. 
Now one verifies that f = F, (& + iy) on the relavent domain. 


3. JACOBIANS OF FUETER MAPPINGS 


Definition—For any k = (ki, ... kn) € S"-2, we consider a subgroup of 
GL (n, R): 


- a hk, — bk, bky-a) 

| 
| bk a - (1— ke )e chiki” > Dee 

fi ras 

> 2 | 

J, (k) ={A (a, b, Cc; k)= bk, ck,k, a-(1 —K* Je - ckk,-1 | 
| 

/ | 

bke chek: ckok,-, sant — (1K, Je J 


(a, b) # (0, 0) and a 4 c} C GL (n, R) 


Remark : (a, b, c, k) = M(k)T A(a, b, c, 1) M (k) 
where the ‘base-point’ in S"~2 js 
1 


= (1,0, ..,0) € Sn-2 


and 
ae l 0 
M (kb) = f 0 cm | } 
0 k, k, Kay | 
| : 
N 
| 0 } 


N is any (n — 2) x (x — 1) matrix such that 
M (k) is orthogonal i. e. M (k)t = M (b>. 
Lemma 3.1—det (A (a, b,c, k) = (2° + 5?) (a — ¢)n-2 


Proor : From the remark det (A (a, b, ¢, k) = 
= (@ + b’) (a — c)r-2, 


[Also by direct calculation it can be proved that 


det (A (a, b, ¢, 1) 


det (A (a, b, C. k)) = (a? + b*) (a *y c)"-?], 
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Theorem 3.2— (i) iy" (x) are commutative subgroups 0 of CL (n, R), (ii) Any 
two such subgroups are isomorphic to each other, (iii) J, (k) = J, (- k), (iv) for 
ko) A+ KO), tf (ko) Jn (2) = {al,/a ~0, I, is identity matrix}. 

Proor : (i) follows from the fact that 


A (4,, by Ci, k). A (42, bs, Co, k) =A (2, b,, Coy k). A (4, b,, Ci, k) 


= A (aya, — b,b,, aby + bia,, arc, + Cyd. — C,C, — bby, k) 


and 
a, A Cc 4, ~ Cy implies a; a, — by by Fai cy + C1 Az — CyC2 — Dyby. 
And 
~ a —b — (ac + Bb?) ~ 
A (a, b,c, kK) = a( e+e a+b @+b)(a—c)” b) 
and 


—(ac + c’) 


* @ + by (a—o)" 


a ~~ c implies oe 
(ii) A(a,b, ¢, KD) I> A (a, b,c, ke) gives an isomorphism. 
(iii) follows from the definition of J, (k) 
(iv) al, = (a, 0, 0, K) = 2(@, 0, 0, K) belongs to Jy (R®) 1 Jy (KE). 
Conversly, let A (4;, 5, &, KO) = A (ao, be, C2, k()) E J, (k) a. (0), 
If b, 4 0(.. 5, ~ 9) compairing the terms of A (a, 5, ¢,, Py and 


Ear (1) (2) 
A (ds, bo, cs, k) we get, either both ky and ky are zero or both 


(1) (2) 
non zero and for non zero k,’ and k; 


2 
KO ) 
Sell 
(KP y ae # 0 


= 


(«i ) a (x les 


kK 40 
which implies kK? = + k®. 


: ep) 2) 
Similarly if we assume c, # 0 (.. c, 0) then for kf’ = 0 if and only if tke ke 
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. ; 2 (2) (3) vert 
@) KO = 0: if and only if coh ee = 0 mes KW, Ke eeu. if and 


=... = C1 an 


only if KO? = 0 and hence by the same argument k“) = + k®), Thus for Kk? #+k® 


b, = 0 = ¢, (.. 6, = 0 = ¢,). 


Remark : Note that in virtue of Theorem 3.2 (iii) and 3.2 (iv) the distinct sub 
groups are parametrised by [p"~* (R) (real projective space). 


Theorem 3.3—For any A (a, 6b, c,k) € J, (k) = J, (—k), (kK = (Kh, ..., k,-1) 
€ S"~* and n > 2) and for any point p in {the 2-plane generated by the vectors (1,0,0, 
..., 0) and (0, k,, ..., Kn—1)}\real line, (note, if p = (%9, X,, ..., Xn-1) then x1: ki = x-: 
k, = ... = X,-;. k,-:), there exists a Fueter mapping f = (fi, ..., fr-:) [i. e. 9 holo ¢ 
with f = F, (¢)] such that 


dp f = [Jac(f bp = A(a, b,c, b). 


PROOF: A(a,b,c, k) € J, (k). 
Let 
(Ps (Po, Pi k,, oesy Dy Ne: i) 


we may assume p; > 0. 
[Since if p, < 0 we can replace p, by —p,,k by — k and b by —d]. 
a—b 
Consider the matrix | ; ] = A* (a, b). 
a 


There exists a complex analytic function 6 = & + iy defined in a neighbourhood D of 
(Po, Pi) in U to Gwith (po, pi) = (a — c) p; such that 


[Jac (¢)kvo,n1) = A* (a, b). 
Consider the Fueter function f = F, (¢) 


Rs db ee ak E (Xe, y) + SM ee Gat ak 1” (Xo Y) 


where 


Then, 


Oo So ae 0,~-1 fo 
Of; eee On | 


TOP CROP OO HN a CO8 EVO Wes ane 


[Jac (f)]p = 


P 
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xX Xo wee ) 
| Ny “nae oy a Qxo y s+ —— Yxo y 1 | 
| 
2 | 
| eels ” ie se | 

Hie EO TaN Sa! os peak yn X1Xp-1 Nn | 
| oy i (v y )+ a (»»— 3) 2(y-+) | 
| 

eter } 2 | 
xe og ( y ) ; ( 7 XeXn-1 n : 
jie y ro date ps Sie IRN “a ea y? | | 
a iE Fe RE A AEE I a Sp Ri ete : 
Te RR Ree Aha NN i Sa Tae a I be a lb nd | 
| 
2 | 
| Xn-1 X1Xn-1 (x eds 3 ) we ny % ) pele -2)+ Li | 
052 a Rs a ey Fae Es ee I ey IES 


= i (a, 6, c, k). 

Definition—From (7) and (9) it follows that the Fueter diffeomorphisms form pseu- 
dogroups. We call a n-dimensional C® manifold a n-dimensional Fueter manifold if 
it is modelled on one such pseudogroup. 

Thus, a Fueter manifold is a manifold with transition functions from the class of 
Fueter diffeomorphisms. 


Theorem 3.4— (i) Det [Jachy, (¢ )]txgsx,5+++92 PS ie ( - )Taet (Jac (4))] cxq»» 


where 7” 
s=E+iny=[at +..+ 2, | +0. 


(ii) Fueter manifold of even dimension (with coordinate charts v:U—> u(U) 
C R") are orientable. Also those odd dimensional manifolds (we also called them 
Fueter manifolds) modelled on the pseudogroup of Fueter maps obtained from holo- 
morphic maps of the type ¢: D(C U) > 9(D) € UVare orientable (for any dimension 








eee dew ees See ase eee entece 
O00 cee POF ees eens sersecers~ceeses ceases 





n > 2). 
Proor : (i) Det [Jac Fr (b)]txqoxy>++2%n-1y ) 

f a Xs b ae } 
| x he ie 

| ‘Se 2 ( 2) 42 “tea ps 
*o, TF, iy a 2 | 

= det (| 9 yin y y 7)}) 

| 
| 
| 
J 


1/2 
( where y= |» + ...+ Scot) 


~ Xi ‘ 
= det (A (a, b,c , 0), where ki = aia aed ing A 1, 
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kom (hay | ee aa 


= +89 (0-or*| a= Wl Ie= Coy) — Be? 


aa (=) det ([Jac (dew) 


(ii) From (i) if n is even and 7 ~ 0 then the determinant of the Jacobian of the 
Fueter transformation is positive. And therefore such manifolds are orientable. 


We observe that X = (x1, x’, x°): A(a, b, c, k) I> (a, b, c) defines a global C” 


structure on J, (k). The multiplication in J, (k) is equivalent to the mapping! R°=R* 
x R3— R® given by ((a,, 51, ¢:), (42, D2, €2)) | (41d, — bibs, a,b, + bya, aC, + C1 


@, —CiC,—b,bs) which is C®, and A (a,b,c, k) | A (a,b,c, k)~1 is equivalent to the map: 
—b — (ac + b*) ) 


’ ' nae Thee. Ly lye RA ne 
R° —’ R* as (a, b, c) I+ ( e+e’ a+b? ” (a+b) (a—c) 


which is also C,,. This shows directly that J, (k) isa 3-dimenional Lie subgroup of 
GL (n, R). , 
Remark : The isomorphisms defined in Th. 3.2 are actually Lie group isomor- 
phisms. 
Remark : We can calculate explicitly the Lie algebra L (J, (k)) (the Lie algebra 


of all left invariant vector fields) Te (J, (k)) (the tangent space of J, (kK) at the 
identity (e = A (1,0, 0, k)) = < e, @, es: 41 = ( oe ) > 
x e 
Let © (J, (k)) be all the left invariant vector fields. Then 
~ é 
On) = < Xu Xn Xa | Kid Ly # (G5-) 57 = 1,23 >. 
Since J, (k) is commutative than of course all Lie backets vanish. Also by some simple 
calculations 
ra) 
ax? 
[these are a basis for the left-invariant vector fields] 
) a ) 


Sg eee Laas ee 
2 axl + x Ox2 a. a 





7) 7) 
Xx, = cca eae a oxe + x3 


x3 = (x? — x3) 





And, 
[X;, X] = [xX,, X,] = [X,, X33] = 0. 


For hi ; 
r higher dimensional Fueter transforms ( F a) ) the Jacobians form families of non- 


commutative Lie subgroups (of dimension 2/2 + 1) in GL (al, R). The Lie algebra of 


any one of these subgroups is non trivial and ha Ms 
s been explicit] : 
are available with the author). picitly computable, (details 
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(€z)""" 

i 

| oC ow -1)-P ee Dia: ae Ries 4 be" qr Mry Yas Lut 
| HuHy9 a("ty—1)= £ ee Fo a tae Dh Ee a: i 
| 
| 
aed =". Gesu GWG OS'S 8k siniWiee Ch dclasle sie nas ealylee aes 4-0 dig tesa a aren eee Te eee ots | 
| 

| but = q' "yu o( i — 1)—p qruiey Buu qruty yy fru : 
| : 

| Stays d My ot 2 et — 1)» Aes F4'4 de aoe | | 
| 
| bow qt tytua BP uatus q°y' ut o( yl — 1)-P dtwy yu fu | 
ee dina ou" d*yty ory a( 24 — t) ae ee 
| 
i Wr hay y*u — f24— yu — £4 Can | 
L 3t-uw — at-My 3 ul ary — stu — aly a D 3 Binns 


(ua *y ‘bh Ff “y ‘asd @ ‘Pp 64 “q ‘v) XY 


UIIOJ OY} JO B1e sUBIqOeL Oy) 7 VONBWJOJsULI) JO}ON.y [eUOIsUSUMIP-z 10,4 
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(where k, m € s"~*) 


with det (A (a, b, c, d, &, f, & Ay Ps 9, K, m)). 
= (ad — be)? + (eh — af)? (a — p)”* (6 — 4). ».(24) 


~ ~~ 


And for (k, m) € S*-2 x SS"? 


J, (em) = (a,b, c,d, e,f,8, 4, Pg, ke m):aX pb# aq 
(ad, eh) (bc, gf)} € GL (2n, R) 


is a non-commutative Lie group with multiplication: 


A (a, b,, C15 d,, e}, ire &1> hy, Pi; qi, k, m). A (a, be, Co, ds, Cos fos 825 hy k, m) 





f a; ay) by a2 f a C2 ) f b, it 
3.43 ice Be | fia Pad ec ag 
seen | fi és | | #1 Be | | Sa Ba 
L =, fai L—h, fe J | —8, he J L—hy hy J 
; ( a r} f b, 7 ( a, 82) } by 82 | 
+c, fe ’ | +d; fe we | +e1 hy : | +d, h, 
pee Pf | penne | thr ee | 
L+giboJ C+ by Lterdy J +h, a! 
fo Ped [pear 
| | | | km 
ate Sa 1h 8: | 
: —21 fa | ; | —h, hz 
Bee aioe 
) Ba +, a | 
L—PiPe} l—-aG@) . ...(25) 


And the Lie Algebra of any of the Lie groups is 


L (Jn (k, m)) = < Xj, ..., Xo, [,] > where 
X, = x? 8, + x? 0, + x5 8; + x88, + x, 
X, = x8 d, + x48. + x70, + x80, + xo, 
X3 = x10, + x70, + x58, +x80, + Bes ee 

Xy = x903 + x40, + x70, + x88, + x?°3,,, 
Xs = — x50, — x80, + x1 8, + x?d, — x5 a, 
Xe = — x70, — x80, + x90, + x*0, — x7d,, 
X, = — x53 — x*, + x19, + x?0, — x°,5, 
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Xe = — x03 — x80; + x80, + x40, — x8d,0, 

Xy = (x! — x*) 9, Xyo = (x* — x°)d,, ...(26) 
and 

[Mi, X,] = [X3, X4] = [X, Xs] = [Xg, X7] = Xs, 

[X.,X1] = [X3, X.] = [X%; X] = [X,, Xs] = Xe, 

[X1, X7] = [X5, Xs] = [Xs, X_] = [X,, x4] = Xz, 

[X4, X,] = [X, Xs] = X,, [X2, X7] = [Xe, Xs] = X, — Xs, 

[X,, X7)] = X4, [X2, X3] = Xy + Xig — X1 — X>, 

[X1, Xj] = 0 sa:(27) 


where [X;, X,] or [X;, Xi] are not amongst the above. 


4. CONNECTION BETWEEN FUETER AND REGULAR MAPS 


[ma eda and Imaeda® had defined some generalizations of analytic functions of 
an octonionic variable which are similar to those for quaternionic variables defined 
and discussed by Fueter®. Imaeda and Imaeda’ also generalized these concepts over 

v ariables from more general algebras. The Fueter maps which are discussed in Section 
1 an d 2 and the regular maps defined by Imaeda and Imaeda actually from disjoint 
c lasses (except for the constant maps, being members of both). However, there is 
some connection between these two classes which we are going to discuss. 


Definition —(due to Imaeda and Imaeda, of regular functions). A map f = (fo, 
weey fot) = Co fo +. + Cn-1 fy-1: D( CR") > R® iscalled left regular (resp. right 
Daa | 
regular) if Df = 0 (resp. f(D = 0) where D = & e,; 8, and e; ex + ee; = — 25;,. 
j=0 
Proposition 4.1—A map f both Fueter and regular in the sense of Imaeda and 
Imaeda if and only if it is a real constant. 
Proor: Let f: D (C’ R") — R"” be both left regular and Fueter D i.e., 
Df (Xo,--.s%n-1) = 0 for (X0,-- ,Xn-1) € D and there exists holomorphic map ¢ = & + in 
on the relevant domain such that f = F, (¢) on D. Equivalently 


( a5 5 oe s,) ( £ (09) 53 A 7 Xo, ¥) )- 0 
j=1 


to 





1/2 ‘ : 
(where y = (x: + ...4 eee ) ) which gives by using Cauchy-Riemann relation 


\ 


(n — 2)n(%Y) _ 9 
- 





between & and », 
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Therefore for n > 2, » = 0, which implies ¢ and therefore f are constant maps which 
constant real values. Similarly for right regularity. 


For even dimensions one can generate regular maps in the sense of Imaeda from 


Fueter maps. For interest’s sake we state this connection below (see Imaeda Imaeda‘). 


Proposition 4.2—If f: D(C’ R*’) — R2 is a Fueter map then (1)? fis both left 


=. 9s-1 
and right regular. ( where ) = D D= = 3 ), 


Remark |: Note that for the trivial 2-dimensional case Fueier maps and Imaeda’s 
regular maps all coincide with usual holomorphic maps. 

Remark 2: Asa general reference for previous work in this and allied areas we 
refer to Brackx et al.’. 
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In this paper short proofs of some existence theorems on nonlinear compli- 
mentarity problem of mathematical programming ina reflexive real Banach 
space are given for aribitrary closed convex cones under much weaker assu- 
mptions (in the absence of the boundedness) on the operator. 


INTRODUCTION 


Let B be a reflexive real Banach space and let B* be its dual. Let the value of 
u € B* at x € B be donted by (u, x). Let C bea closed convex cone in B with the 
vertex at 0. The polar of C is the cone C*, defined by 


C* = {u € B*: (u, x) > 0 for each x € C}. 
For each r > 0 we write 


D, = {x € C: |x|] < r} 


D® = {x € C: ||xl] <7} 


S, = {x € C: |x|] = r}. 


A mappint JT: C > &* is said to be monotone if (Tx — Ty, x — y) > Ofor 
all x, y € C and strictly monotone if strict inequality holds whenever x ~ y. T is 
said to be v-monotone if there isa strictly increasing function « : [0, oo) — [0, oo) 
with « (0) = 0 and « (r) + co as r > c© such that (Tx — Ty, x — y) > |lx — yl 
a (|x — y)|| for allx,y € C. In particular, Tis strongly monotone if « (r) = kr for 
(Tx, x) 

||| 
x € C. Tis called hemicontinuous on C if for all x,y € C, the map t > T(ty + 
(1 — t) x) of [0, 1] to B* is continuous, when B* is endowed with the weak* topology. 
T is called bounded if T maps bounded subsets of C into bounded subsets of B*. 


—> oo as ||x|] — co for 





some constant k > 0. T is said to be coercive, on C if 


The purpose of this paper is to give short proofs of some existence theorems on 
nonlinear complementarity problem of mathematical programming in Banach space 
for arbitrary closed convex cones under much weaker assumptions on the operator 
(in the absence of the boundedness of the operator). 
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MAIN RESULT 


We prove the following result : 


Theorem—Let T: C — B* be hemi-continuous and monotone. Then there 
exists X) such that 
Xo € C, Tx © C* and (Tx, X») = 9 coh) 


under each of the following conditions : 
(a) T is coercive (or in particular T is «-monotone), 
(b) TO € C* (or in particular TO = 0), 
(c) For atleast one r > 0, there exists an u € |B with (Tx,x —u)>0 for 
all x € Sr. 


This theorem under the conditions (a) and (b) was respectively obtained by 
Bazaraa et al..and Nanda and Nanda® under an additional assumption (i. e., 
boundedness) on the operator 7. It should further be noted that the above theorem 
under hemicontinuity and «-monotonicity is contained in the result of Luna® also. 


Note that the result that there exists an x) with satisfies (1) may not hold only 
under the assumption of hemicontinuity and monotonicity of the operator T. For 
example, take B = R, C = {x: x > 0}, sothatC = C*. LetT: C +R be defined 


by 
1 


1+x° 


Tx = — 
In this case J is hemicontinuous and strictly monotone. (7x, x) = 0 implies x = 0, 
but TO = — 1 & C*, 


We need the following result of Browder’ in order to prove our theorems. See 
also Mosco‘. 


Proposition—Let T be a monotone and hemicontinuous map of a closed convex 
set Kin B, with 0 € K, into B*, and if K is not bounded, let T be coercive on K. 
Then there is an X») € K such that 


(Tx0, ¥ — Xo) > O forall y € K. soak ed 


The inequalities of the form (2) are called variational inequalities. 


PROOF OF THE THEOREM 


Proof of (a)—Since T is hemicontinuous, monotone and coercive and C is ciosed 
and convex, it follows from the Proposition that there exists an X» € C such that 


(7x0, Y — X») > O for all y EC. 
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Since 0 € C, (Txo, x») < 0. Also since C is a cone, 2x) € C and hence (Tx, Xo. > 0) 
Therefore, (Tx», X») = 0. Now Tx) € C*. For otherwise there would exist y, € C 
such that (Tx9, ¥)) < 0. Then we have 


0 > (TX, Yo) 2 (Txo, Xo) — 0. 
This contradiction completes the proof. 


Proof of (b)—Note that for each r > 0, D, isa nonempty closed convex set in 
C with 0 € D,. Therefore it follows from the Proposition that for each r > 0, there 
exists a unique x, € D, such that 


(Tx;, y ~— Xr) > O for all y € D,. cok) 
Since 0 € D,, it follows that (Tx,, x,) & 0. Since T is monotone we have 
(Tx, — TO, x,) > 0 
and further if 70 € C* or TO = 0 we obtain 
(Txr, Xr) = 9. 
Therefore (Tx,, x,) = 0 and hence x; is a solution of (1) for each r > 0. 


Proof of (c)—As in the above case for each r > 0 there exists an x, € D, such 
that (3) holds and consequently (Tx,,x,) <0. Ifthere is some r >0 such that 


x, € D°, then there is some A > | such that Ax, € S, C D;. Then we have from 


(3) that (Txr, xr) < A (Txr, xr). Since (Tx, xr) < 0, this is impossible unless 
(Tx,, Xr) = 0. Thus x; isa solution of (1). On the other hand, let x, € S, for all 


r > 0, Then by the hypothesis for atleast one r > 0, there isau € D’ such that 
(Tx, x — u) > O for all x € S,. Therefore for that r, 

(Tx;, % — u) > 0. (4) 
From (3) and (4) it follows that 

(Tx,, y — u) > O for all y € Dr. 
LettZEC. Writew=AZ+(1—A)uO<A<1. 
We can choose A sufficiently small so that w lies in D,. Then 

0 < (Tx, w — u) = A(Tx,, Z — u). 
Therefore 

(Tx,, Z — u) > Oforall ZE C. eT ee 


Since u € D® it follows from (3) that 


(Tx, u — Xr) > 0. ...(6) 
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From (5) and (6) we obtain 
(Tx, Z — xr) > O forall Z € C. oh Wg 


Taking Z = Axr, A > 1, in (7) we get (Txr, xr) > 0. Since (Tx,, Xr) <0 we obtain 
(Tx,, Xr) = 0. Also since 


(Tx,, Z) > (Txr, Xr) = 0 for all Z E C, Tx, € Hk 


Thus x; is a solution of (1) and this completes the proof. 
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This paper considers the class of locally semi-metrizable-closed spaces. In 
particular, it studies one-point feeble-compactifications of such spaces. The 
projective objects in the category of semi-metrizable-closed spaces and con- 
tinuous maps are shown to be the finite spaces. 


The class of ‘absolutely closed spaces’, also called ‘H-closed spaces’, was first 
introduced by Alexandroff and Urysohn. A Hausdorff space is said to be H-closed if 
and only if it is closed in every embedding into a Hausdorff space. Porter® studied in 
detail locally H-closed spaces and proved that the one-point H-closed extensions of a 
locally H-closed space are not unique and that there exists a projective maximum and 
a projective minimum among them. The study of minimal first countable spaces was 
carried out by Stephenson’”’!® and Porter’. Further the related notion of H(1)-closed 
spaces and other allied spaces were studied by Daniel Thanapalan and Raghavan*”* 
and Raghavan'®. We define a topological space to be a ‘H(1)-space’ if and only if it 
is Hausdorff and first countable. A A(1)-space is called ‘H(1)-closed’ if and only if 
it is closed in every embedding into a H(1)-space. Accomplete survey of results in 
this direction is given in Berri et al.’. 

Semi-metrizable-closed and minimal semi-metrizable spaces were investigated by 
Stephenson'*. He gave several characterizations of such spaces. In this paper locally 
semi-metrizable-closed spaces are investigated in detail. In particular we consider 
one-point feeble-compactifications of a locally semi-metrizable-closed space. As an 
application we prove that the projective objects in the category of semi-metrizable-closed 
spaces and continuous maps are finite spaces. 

If (X, z) is a topological space and B C A C X, we write cl B for the closure 
of Bin (X,t), int B for the interior of Bin (X, +), +/A for the relative topology of t 
on A and claB and int,B for the closure and interior respectively of B in (A, «/A). We 
also use t (X) to denote the topology on X. WN stands for the set of positive integers, 
‘nbd’ means neighbourhood, and (1) denotes the end of proof. 


1. Locatty SM-CLosep SPACES 


Definition 1.1—A topological space X is semi-metrizable if there exists a mapping 
d:X x X (0, cc) such that (i) for allx,y € X d(x,y)=d (Y, x) and d (x, y) 


*The second author acknowledges the support of the University of Auckland Research Fund. 
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= Oif and only if x = y; (ii) a subset V of X is open if and only if for eachx € V 
there exists n € Nsuch that B(n,x) = {y © x | d(n, y) < 1/n} C V and (iii) each 
B (n, x) is a nbd of x. 


Definition 1.2—A semi-metrizable Hausdorff space X is called semi-metrizable- 
closed (=SM-closed) if and only if XY is closed in every semi-metrizable Hausdorff 
space into which it is embedded. 


Definitions 1.3—(a) A collection C of subsets of a topological space (X, tT) is 
called an almost cover of A(C X) if and only if A C U {flU| UE Ch. 


(b) A topological space X is called feebly compact if and only if every countable 
open filter base F has nonempty adherence [i.e., adh (F) = 1 {cl U| UE F} ¥ 9g]. 


The equivalence of (i) and (ii) in the following theorem is from Stephenson™; the 
equivalence of (ii) and (iii) is clear. 
Theorem |1.4—Let (X, t) be a semi-metrizable Hausdorff space. Then the follow- 
ing are equivalent : 
(i) X is SM-closed; 
(ii) X is feebly compact; 
(iii) Every countable open cover of X has a finite almost subcover. 


Definitions 1.5—Let (X, t) be a Hausdorff topological space. 


(a) A subset A of X is called ‘feebly compact relative to Y’ if and only if every 
countable open cover of A in X has a finite almost subcover. 


(b) A subset A of X is called ‘a feebly compact set’ if and only if (A, t/A) is 
feebly compact. 


(c) X is called ‘locally feebly compact?’ if and only if every point of X has an 
open nbd whose closure in X is feebly compact relative to XY. 


Feeble-compactness and other related notions are defined for Hausdorff spaces 
which need not be semi-metrizable, whereas SM-closedness and other related notions 
are defined only for semi-metrizable Hausdorff spaces. Indeed, in semi-metrizable 
spaces the concepts SM-closedness relative to Y and feeble compactness relative to Y 


are identical and a semi-metrizable Hausdorff space is locally SM 


Nie -closed if and only 
if it is locally feebly compact. 


| Thus we work with Hausdorff spaces and study the one-point feeble compacti- 
fications of locally feebly compact space, the appropriate modifications, when the 
base space is semi-metrizable, bein gclear. The following theorem is easy to verify. 


Theorem 1.6—Let X be Hausdorff spaceand AC BC YX, 


aes (a) If Yis first countable and A is feebly compact relative to X, then A is closed 
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(b) If A is feebly compact, then A is feebly compact relative to _Y. 


(c) If A isregular closed in ¥ and B is feebly compact relative to X, then A is 
feebly compact. 


Consequently we have the following result. 
Theorem 1.7—Let X be semi-metrizable Hausdorff space and AC BC X. 
(a) If A is SM closed relative to X, then A is closed in X, then A is closed in X. 
(b) If Ais SM-closed, then A is SM-closed relative to YX. 


(c) If A is regular-closed and B is SM-closed relative to X, then A is SM-closed. 


It is clear that a semi-metrizable Hausdorff space is locally SM-closed if and only 
if each point has either an open nbd whose clousure is SM-closed relative to XY or an 
open nbd whose closure is a SM-closed set or a nbd which is SM-closed relative to X. 


2. ONE-POINT EXTENSIONS 


In this section we define and study one-point extensions of locally feebly com- 
pact Hausdorff spaces with or without semi-metrizability of the base space. These ex- 
tensions are Hausdorff and they may or may not be semi-metrizable. 


Definition 2.1—Let (X, t) be a (semi-metrizable) Hausdorff space. (Y, «) is called 
a (one-point SM-closed extension) one-point Hausdorff feeble-compactification of (X, 
t) if and only if X C Y, o/X = 1, « (X) = Y, (¥, 0) is (SM-closed) feebly compact 
and Hausdorff and Y — YX is a singleton. 


Proposition 2.2—Let (X, t) be a semi-metrizable Hausdorff space. If (Y, o} isa 
one-point Hausdorff feeble-compactification of (X, t), then X is open in Y and (X, t) 
is locally SM-closed. 


Proor: Let Y — X = {zm}. Since (Y, s) is Hausdorff, (7) is c-closed and hence X¥ 
is s-openin Y. Further for each x EX, there exists a o-open nbd Uof x sucha & clyU. 
Since Yis feebly compact, clyU is feebly compact (Theorem 14 of Bagley et al.’). 
Since X is a semi-metrizable Hausdorff space it is locally SM-closed. 


We now give the definition of “‘projectively smaller’, a relation which is used to 
compare the extensions of a given space. This well-known notion is due to Banaschewski. 


Definitions 2.3—Let (Y, «) and (Z, P) be extensions of topological space (X, +). 
The extension (Z, P) is called projectively smaller than (Y, o) if and only if there exists 
a continuous function f: (Y, «) ~ (Z, P) such that f(x) = x for all x € X. (¥,9) 
and (Z, P) are called isomorphic if and only if there is a homeomorphism A : (¥, ) 
> (Z, P) which leaves X pointwise fixed. If Gis a family of extensions of a space 
(X, t=), then (Y, s) in Gis called a projective minimum in & if and only if (¥, 9) is 
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projectively smaller than every member of &. The concepts of “projectively larger 
than” and “projective maximum”’ in @ are defined dually. 


In the following theorem we consider the one-point Hausdorff feeble-compacti- 
fications of a locally feebly compact Hausdorff space. 


Theorem 2.4—Let X be a locally feebly compact Hausdorff space which is not 
feebly compact. There are spaces X* and X7 such that 


(i) X* and Xt are both one-point Hausdorff feeble-compactifications where 
X* — X= Xt — X = {a}, 


(ii) + (X*) C + (X%), 


(iii) +(X*) = + (X) U { {7} UV |V © a} where is the open filter generated 
by {U| U € +(X) and X — Uis feebly compact relative to X}, 


(iv) + (XT) = + (X) U {{m} O V| VE + (X) and X—int cl V is feebly compact}, 


(v) Xtis projective maximum among all the one-point feeble-compactifications 
of X, 


(vi) If X admits a one point feeble compactification which is first countable 
then X™ is projectively smaller than every one-point feeble-compactification that is first 
countable. 


Proor : Let us briefly outline the proof; one may also refer to the proof of the 
corresponding one in Porter’. If8 = {U| U € +(X)and X — U is feebly compact 
relative to X}, then B isan open filter base generating the open filter «. Let y ={V | 
V € +(X) and X—int cl Vis feebly compact}. Then y is an open filter. It is easily 


verified that t (XY) and + (X #) are Hausdorff topologies and + (X*) C + (XY #), since 
$2) the 


If CG = {G, | i © N} bea countable + (X*)-open over of X*, then there exists a 
t (X*)-open nbd U of a and k € N such that {rt} VUC Ge € Cand YX — Vis feebly 
compact relative to X¥. Clearly {G; | X | i € N} is a countable open cover of X — U 


so that ¥-—-UC U'_, cl, 5 ™ X) C cly (G,,) where cl, refers to closure taken 


with respect to + (X*). Thus ¥* = Cle (Gx) LO (U eins ClaikGe )) so that X* jis feebly 
compact. 


If Z is any first countable one-point feeble-compactification of YX andZ— Y 


= {n}, then defining g: Z > X* by setting g (x) = x forall x € Xand g (n) =7, 
we get a continuous map. Indeed g is continuous at 9. For g-) ({7} U U) = {m} U 


U and if ¥ — Vis feebly compact relative to X, it is feebly compact relative to Z, so 
that, by Theorem 1.6 (a), it is closed in Z. 


The other parts of the proof follow along similar lines. 
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It must be noted that every locally feebly compact Hausdorff space admits a one- 
point Hausdorff feeble compactification. On the other hand not every semi-metrizable 
Hausdorff space which is locally SM-closed admits a one-point SM-closed extension. 
This is precisely the situation of Example 2.6 that follows. Further, there are nice ex. 
amples of locally SM-closed spaces admitting one-point SM-closed extension as we see 
in Example 2.7 below. 


Theorem 2.5—Let X be a semi-metrizable Hausdorff locally SM-closed space 
which is not SM-closed. Let FC (X) be the set of all one-point Hausdorff feebly- 
compactifications and SM (X) the set of all one-point SM-closed extensions of X. Then 
FC (X) + ¢ and SM (X) C FC(X). Further, if SM (X)is non-empty then + (X*) of 
Theorem 2.4 is projectively smaller than every element in SM (X). 

Example 2.6—We have proved in Theorem 2.4 that (X*, t (X*)) is a one-point 
feeble compactification which is Hausdorff. However, it should be noted that (X*, + 
(X*)) need not be SM-closed. ° If we take X to be an uncountable set, say, R, the set 
of all real numbers and 7 to be the discrete topology on R, then (R*, + (R*)) is feebly 
compact by Theorem 2.4; indeed (R*, + (R*)) is the one-point compactification of R, 
but not semi-metrizable. Moreover, in this case 1(R*) = t (R#). Thus (R, t (R)) does 
not have a one-point SM-closed extension; for, if (R*, « (R*)) is SM-closed, then t (R*) 
C o (R*) C + (R*), 

Example 2.7—There exist locally SM-closed spaces which admit one-point SM- 
closed extensions. Consider the following example given by Stephenson’ (Example 6). 
Let 

X=NU {n+ llm=n, mEN,m > 2} VU {+ 5} 

where J is the set of positive integers. Defined: X¥ x X — [0, c9) as follows : 

Oifx=~y 
[ek P| it hy Pete A ey 

1 ifx € Nandy € {+ 7}, or 

ifx =n-+ 1/m andy = —7, or 

d ifx =n — Ilmand y = +7, or 
— a? age . 

d (x, ¥) o ifx =avwandy=-— 7 

where m,n € Nandm> 2 
lin if x =n + 1/mand y = 2», or 


if x =n— 1/mandy=-—a7 


——— — A. 


L where mn € Nandm>2. 

Here a subset V is open if and only if for each point x € V there exists ane > 0 with 
{y|d(x,y)<§ CV. Then disa semi-metric for the space. Stephenson pointed 
out that this space X is minimal symmetrizable. Since it is semi-metrizable, it is also 
minimal semi-metrizable. Let us take 
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Y=NU {n+ 1/m| nym € N,m > 2} VU {x}. 
Y is a subspace of X and Y is a SM-closed space. Now let us take 
Z=NU {n+ 1/m|n,m € N,m > 2}. 


Z is alocally SM-closed space and Y = Z U {rx} is a one-point SM-closed exten- 
sion of Z. (There are other semi-metrizable locally SM-closed spaces which admit 
one-point SM-closed extensions; but what is unique about the above example is that 
it is not regular.) 


3. FURTHER RESULTS 


In this section we determine the projective objects in the category of SM-closed 
spaces and continuous maps. For the definition of projective objects in a category one 
may either refer to Herrlich® or Raghavan and Reilly??. 


Theorem 3.1—In the category of SM-closed spaces and continuous maps, the 
projective objects are finite spaces. 


Also in the category of feebly compact spaces and continuous maps the projective 
objects are finite spaces. 


Proor : That X is projective when X is finite is obvious. 
Conversely, if (X, t) is projective, let us show that X is discrete so that it is finite. 


Suppose X is not discrete. Then there exists a € XY such that a is not isolated. 
Let Y = X — {a}. Let 7 be an abstract point not in Y x N*, where N* = N U {a}, 
the one-point compactification of the discrete space N of positive integers. Let 
A=(¥ x N*) UL {nx}. Let us introduce a topology f on A as follows : 


(i) Ifz€ Y x N* then the set of all open nbds of zin the product topology 
of Y and N* is taken as a fundamental system of P-open nbds of z. 


(ii) Sets of the form (Ox N) U {n} where 0 is a deleted open nbd of a in ¥ form 
a fundamental system of P-open nbds of 7. 


(By deleted open nbd 0 of a, we mean that 0 U {a} isopen in X anda & 0.) (i) and 
(ii) completely specify the topology P on A. 


We can take the semi-metric on N* as follows : 
d, (m,n) = | I/m — In | for allm,n E€ N 
d, (w, m) = d,(m, w) = 1/m for all m € N 
dz (o, w) = 0, 


If d; is the semi-metric on X, d, induces a semi-metric on Y, by relativization and we, 
by abuse of notation, use the same d, for the induced semi-metric on Y = X¥ — {a} 
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The product topology on Y x N* is semi-metrizable via e given by e = (4? + d* ss 
Moreover, define 


e (7,2) = e (z, 7) = e ((y, a), 7) 
=d,(y, a) foralla € N 


= 1 fore = w 
e (7, 7) = 0, 
Now B, (n, 7) = {z | e (7, z) < 1/nandz€ A} 
= {%, «) | « € Nandy € Ywith d, (y, a) < 1/n} U {7} 
= [(B, (a, n) — {a}) x N] U {x}. 


Thus we see that the space (A, P) is semi-metrizable via e. That (A, P) is Haus- 
dorff is easily verified. 


Now let us define a new topology p’ on A = (Y x N*) U {x} as follows. Let 
Y xX N* have the product topology and the basic P'-open nbds of 7 be of the form 
(Ox N*) U {7} where 0 is an open deleted nbd of-a. We can define a semi-metric e’ 
on(Y x N*) U {x} such that e’ is the same ase on Y x N*, while e’ (7, z) = e’ (z, 
m) =e’ ((y, «), 7) = d (y, a) foralla © N*. Itisstraightforward to verify that 
(A, P) and (A, p’) are feebly compact. 


The remainder of the proof consists of obtaining a violation of continuity similar 
to that in the proof of Theorem 2.1 of Raghavan and Reilly"! or in Theorem 5.3 of 
Liu’. 


The second part of the theorem is similar. 
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The authors define a topological space X to be s-closed if every cover of X by 
semi-open sets of X admits a finite subfamily whose semi-closures covers X. 
It is shown that cd-compactness due to Carnahan’, weak RS-compactness due 
to Hong® and s-closedness are all equivalent. 


1. INTRODUCTION 


A subset S of a topological space X is said to be semi-open® if there exists an 
open set U such that UC S C Cl1(U). Thompson!'® defined a topological space X 
to be S-closed if every cover of X¥ by semi-open sets of X admits a finite subfamily whose 
closures covers ¥. The notion of the semi-closure was introduced by Crossley and 
Hildebrand*. In this paper, we introduce a class of topological spaces called s-closed 
spaces by utilizing the semi-closure. It will turn out that cd-compactness due to 
Carnahan’, weak RS-compactness due to Hong? and s-closedness are all equivalent. 


Throughout the present paper, (X,t) and (Y,c) (or simply X and Y) denote topolo- 
gical spaces on which no separation axiom is assumed unless explicitly stated. A subset 
S of a topological space is said to be ‘regular open’ (resp. ‘regular closed’) if Int (Cl (S)) 


= S(resp. Cl (Int (S)) = S), where Cl (S) (resp. Int (S)) denotes the closure (resp. 
interior) of S. 


2, SEMI-REGULAR SETS 


Let S be a subset of a space (X, 7). 


a pees, The complement of a semi-open set is 
called semi-closed?. 


| It is obvious that S is semiclosed if and only if Int (CI (S)) C S. 
The intersection of all semi-closed sets containing S is called the semi-closure® of S 


* This work was partially Supported by G.N.S.A.G.A. 


-C.N.R. and by Gruppo Nazionale di 
Topologia under the auspices of M.P.I. ve . 
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and is denoted by s Cl(S). The semi-interior of S, denoted by sInt (S), is defined 
by the union of all semi-open sets contained in S. 


Definition 2.1.— A subset S of a space (X, 1) is said to be semi-regular if it is 
both semi-open and semi-closed. 


The family of all semi-open (resp. semi-regular) sets of X is denoted by SO (X). 
(resp. SR (X)). For each x € X, the family of all semi-open (resp. semi-regular) sets 
of X containing x is denoted by SO (x) (resp. SR(x)). Cameron! defined a subset S 
of a space X to be regular semi-open if there exists a regular open set U of X such 
that UC S C Cl1(U). On the other hand, the first author® defined a subset S of X 
to be semi regular open if S = s Int (s Cl(S)). However, these three notions are 
equivalent as shown by the following proposition. 


Proposition 2.1—For a subset A of a space X, the following are equivalent : 

(a) A € SR(X), 

(b) A = s Int (s Cl (A)), 

(c) there exists a regular open set U of X such that U C A C C1 (U). 

Proor : (a) + (b) : If A € SR (X), then sInt (sCl (A)) = sInt (A) = A. (b)>(C): 
Suppose that A = s Int (s Cl (A)). Since Int (Cl (S)) C s Cl(S) for every subset S 


of X (Noiri, Lemma 4.14), Int (Cl (A)) C s Int (sCl (A)) = A. Since A € SO (X), 
we have A C Cl (Int (A)). Therefore, we obtain 


Int (C1 (A)) C A C Cl (Int (A)) C Cl (Int (Cl (A))) 
where Int (Cl (A)) is regular open since Int (Cl (Int (Cl (A)))) = Int (Cl (A)). 
(c) > (a): It is obvious that A € SO (X). We have Int (Cl (A)) = Int (Cl (U)) 
= UC Aand hence A is semi-closed. Thus, we obtain A € SR (X). 
Proposition 2.2—If A € SO (X), then s Cl (A) € SR (X). 


Proor : Since s Cl (A) is semi-closed, we show that s Cl(A) € SO(X). Since 
A € SO(X),U C A C C1(U) for open set U of X. Therefore, we have U C s Cl (U) 
C sCl (A) C Cl (U) and hence sCl (A) € SO (X). 


Remark 2.1 : According to the referee, Dorsett” in his Theorem 2.2 utilized the 
fact that s Cl (A) is semi-open and semi-closed for each A € SO (X). However, he 
did not give the proof and Proposition 2.2 is remained. 


A point x € X is said to be a semi 9-adherent point of a subset S of X if s Cl (U) 
OS ~¢forevery U € SO (x). The set of all semi @-adherent points of S is called 
the semi 6-closure of S and is denoted by sCle(S). A subset S is called semi @-closed 
if s Cle (S) = S. 


Proposition 2,3—-Let A be a subset of a space X. Then we have 
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(a) If A € SO (X), then s Cl (A) = s Clo (A). 
(b) If A € SR (X), then A is semi 6-closed. 


Proor: (a) In general, it holds that sCl (A) C sCle(A). Assume that 
x & sCl(A). Then, forsome U € SO (x), A () U= ¢ and hence A ) sCl(U) = ¢ 
since A € SO(X). This shows that x & sCle (A). Therefore, sCl (A) = sCle (A). 
(b) This is obvious from (a), 


Lemma 2.1—If O is open in a space X, then sCl (O)) = Int (Cl (O)). 


PRroor : For every subset S of X, Int (Cl (S)) C sCl (S) (Noiri?*, Lemma 4.14). 
We show the opposite inclusion. Assume that x & Int (C1(O)). Then x € Cl (Int 
(X — O)) € SO(X). Since O is open, we have O C Int (C1(O)) and O /Q Cl (Int 
(X — O)) = ¢. This shows that x & s C1(O). Therefore, we obtain s Cl (O) = Int 
(Cl (O)). 


A space (X, 7) is said to be extremally disconnected if Cl (U) € + for every 
UEr. 


Proposition 2.4—A space (X, 7) is extremally disconnected if and only if Cl (U) 
= § Cl (U) for every U € SO (X). 


Proor: Necessity. This follows from Lemma 1.13 of Noiri’2. 


Sufficiency. For every U € +t, U € SO (X) and by Lemma 2.1 Cl (U) = sCl (U) 
= Int (CI(U)). This shows that Cl (U) is open for every U € +, 


3. s-CLOSED SPACES 


Definition 3.1—A space (X, 7) is said to be s-closed if for every cover {V. | «E VY} 


of X by semi-open sets of Y, there exists a finite subset Yo of Y such that ¥ = U 
{sCl (V.) [o€ Vo}- 


In Definition 3.1 the space (XY, t)is called S-closed!® if sCl (V..) is replaced by 
Cl (V.). By Proposition 2.4, s-closedness is coincident with S-closedness in an extre- 
mally disconnected space. A filter base F on YX is Said to SR-converge tox € X 
if for each V © SR (x) there exists F € F suchthatF CV. A filter base & is said 


to SR-accumulate atx € Yif VA FS ¢ for every V © SR(x) and every FE GF. 
Proposition 3.1—For a space (X, ), the following are equivalent : 


(a) X is s-closed, 
(b) every cover of X by semi-regular sets has a finite subcover, 


(c) for every family {V. | « € V} of semi-regular sets such that 1 {(Ve|«€ ¥} 
= ¢, there exists a finite subset Vo of VY such that A (Vola € yo} = d, 


(d) every filter base S R-accumulates at some point of Y, 
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(e) every maximal filter base SR-converges to some point of X. 
PROOF : (a) > (b): This is obvious. 


(b) > (e): Let FH bea maximal filter base on Y. Assume that Z does not 
SR-converge to any point of Y. Then F does not SR-accumulate at any point of X. 
For each x € X, there exists Fy € GF and Vx € SR (x) such that Vi Fe = p. 
The family {Vx | x € X} is a cover of ¥ by semi-regular sets of Y. By (b), there exists 
a finite number of points x,, x., ..., x, Such that ¥ = U {Vx |i = 1, 2,...,n}. Since 

/ 
F is a filter base on X, there exists Fy) € EF such thet Fy 1 ee See 1 Sone 
i 
Therefore, we have Fy = ¢. This is a contradiction. 


(e) > (d): Let F bea filter base on Y and F o 4 maximal filter base such that 
FC Fo. By (e), Fy SR-converges to some x € X. For every F € & and every 
V € SR (x), there exists Fy € Fo such that Fy C V. Therefore, we obtain 
VVFDF/N FX ¢. This shows that FY SR-accumulates at x. 


(d) > (c): Let (Vi | «x € y} be a family of semi-regular sets such that 
N {V.|«€E V}=¢. Let I'v) denote the family of all finite subsets of y. Assume 
that M {V. | « © y} A ¢ forevery y € I'(y). Then, the family 


eet eee Aye (Y)) 
ay 


is a filter base on XY. By (d), FH SR-accumulates at some x € YX. Since {X¥—V,, | «€ Vy} 
isa cover of X¥,x € X¥ — Vuo for some a € y. Therefore, we have XY — Vuo 
€ SR (x) and Veo € FY. Thisis a contradiction. 


(c) > (a): Let {Va |« € V} be a cover of X by semi-open sets of ¥. By 
Proposition 2.2, {sCl (Vx) | « € Vy} is a semi-regular cover of X¥. Thus {X¥ — sCl 
(V.) | « € Vy} is a family of semi-regular sets of X having the empty intersection. By 
(c), there exists a finite subset Yo of V such that M {X — sCl(V.) | « € Yo} = 4; 
hence ¥ = U {sCl (Vx) | « © Yo}. This shows that YX is s-closed. 


Corollary 3.1—For a space X, the following are equivalent : 
(a) X is s-closed, 


(b) every semi-open and semi-closed cover of X has a finite subcover (X is cd-com- 
pact due to Carnahan’), 


(c) every regular semi-open cover of X has a finite subcover (X is weakly RS- 
compact due to Hong’). 


Proor: This is an immediate consequence of Proposition 2.1 and 3.1. 


A space (X, t) is said to be-s-regular’® (resp. semi-regular’) if for each closed 
(resp. semi-closed) set F and each point x & F, there exist disjoint semi-open 
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Monk, : 
sets Uand V such that x € Uand FC V. Aspace (X, 7) is said to be oes tay 
if every semi-open cover of X has a finite subcover. It follows from Carnahan" 
that s-compactness implies s-closedness but not conversely and s-closedness neither 


implies compactness nor is implied by compactness. 

Proposition 3.2—If (X, t) isa semi-regular (resp. s-regular) s-closed space, then 
it is s-compact (resp. compact). 

Proor : Let {V~ | « Y} be a semi-open (resp. open) cover of X. For each x € X, 
there exists « (x) € y such that x € Vacx). Since X is semi-regular (resp. s-regular), 
there exists Wx € SO (x) such that sCl (Wx) C Vaz) (Dorsett’?, Theorem 2.1) [resp. 
(Maheshwari and Prasad'®*, Theorem 2)]. The family {W, |x € X} isa semi-open 
cover of X. By s-closedness of X, there exists a finite number of points X41, Xo,...,X, 
of X such that 

X= U scWs)C U Va (x). 
i=] ~ 


Therefore, X is s-compact (resp. compact). 


4. Sets s-CLOSED RELATIVE TO A SPACE 


Definition 4.1—A subset S of a space X is said to be s-closed relative to X if for 
every cover {V. | « € ¥} of S by semi-open sets of YX, there exists a finite subset Vo of 
Vv such that S C U {sCl (Va) | « E Yoh. 


Proposition 4.1—For a subset A of a space X, the following are equivalent : 
(a) A iss-closed relative to X, 


(b) every cover of A by semi-regular sets of X has a finite subcover, 


(c) for every family {V. | « € Y} of semi-regular sets of X such that 
[IN (vel «€ V}] NM A= 4, there exists a finite subset Yo of VY such that 
[TN Vale € YH] A= ¢, 

(d) every filter base on ¥ which meets A SR-accumulates at some point of A, 


(e) every maximal filter base on Y which meets A SR-converges to some point 
of A. ; 


Proor : The proof is similar to that of Proposition 3.1 and is thus omitted. 


Proposition 4.2—If K is a semi 6-closed set of an s-closed space (X, 7), then K is 
s-closed relative to X. 


PRoor : Let {Vx | « € vy} be a cover of K by semi-regular sets of Y. For each 
x € X — K, there exists U (x) € SO (x) such that sQl (U(x) ee Yee. By 


Proposition 2.2, sCl (U (x)) E SR (x) for each x € X¥ and the family 
{sCl (U (x)) |x € X¥— K}U Vela € y} 
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1s a cover of X by semi-regular sets of Y. Since Y is s-closed, there exists a finite subset 


Vo of Vsuch that K CU {Vx | «a © yo}. Thus, by Proposition 4.1 K is s-closed 
relative to YX. 


a space (X, t) is said to be weakly-Hausdorff (simply weakly-T?)"* if every point 
of X is the intersection of regular closed sets of Y. 


Proposition 4.3—Let (X, t) be a weakly-T, space. If K is s-closed relative to X, 
then K is semi 6-closed. 


Proor: Letx € ¥ — K. Foreach k € K, there exists a regular closed set 
F, such that k © F, and x & F,. Since F, € SR(X) and KC VU {F. | k € K}, by 
Proposition 4.1 we have KC U {Fx | k € Kos for some finite subset Ky of K. Now, 
put V=M™{X¥ —-F,|k€EK}. Then VE SR (x) and VM K=¢. Therefore, 
x & sCloe (K) and hence K is semi 6-closed. 


5. THE QUASI-IRRESOLUTE IMAGES OF s-CLOSED SPACES 


Definition 5.1—A function f: X¥ > Y is said to be quasi-irresolute® if for each 
x € Xand each V € SO (f (x)) there exists U € SO (x) such that f(U) C sCl (V). 


A function f: (X, t) > (Y, ¢) is said to be irresolute4 (resp. semi-continuous’) if 
ff (V) € SO (X) for every V € SO (¥) (resp. V € 9). 


Lemma 5.1 (Di Maio and Noiri®)—Let f: ¥ > Y be a function. Then the 
following statements hold : 


(a) quasi-irresoluteness and continuity are independent of each other, 

(b) irrseoluteness implies both quasi-irresoluteness and semi-continuity which are 
independent of each other, 

(c) f is quasi-irresolute if and only if f-1 (V) € SR (xX) for every V € SR (Y). 


Corollary 5.1—If f: X > Y is a quasi-irresolute function and K is s-closed 
relative to X, then f (k) is closed relative to Y. 


Proor: Let {Va | « € Vy} be a cover of f(K) by semi-regular sets of Y. Since f 
is quasi-irresolute, by Lemma 5.1 {f 71 (V.) | « € VY} isa cover of K by semi-regular 
sets of XY. By Proposition 4.1, there exists a finite subset Yo of Y such that 
KC U {f-1 (Va) | « © Vo}. Therefore, we have f(K) C U (Va|% € Vo}. It 
follows from Proposition 4.1 that f (K) is s-closed relative to Y. 


Proposition 5.1—(a) s-closedness is preserved by open continuous surjections. 
(b) s-closedness is projective but not productive. 


Proor: (a) Every open continuous function is irresolute (Crossley and 
Hildebrand!, Theorem 18) and, Lemma 5.1, every irresolute function is quasi-irresolute. 
Therefore, this follows immediately from Corollary 5.1. 
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(b) Since the natural projection is open continuous, then s-closedness is 
projective. It is shown in Thompson" that BN is extremally disconnected and S-closed. 
Therefore, 8N is s-closed but BN x @N is not S-closed and hence it is not s-closed. 


A function f: X — Y is said to be semi 6-closed if f(F) is semi 6-closed in Y for 
every semi 6-closed set F of X. 


Corollary 5.2—if f: X > Y isa quasi-irresolute function, X is s-closed and Y is 
weakly-7>, then / is semi 6-closed. 


Proor : Let F be a Semi @-closed set of ¥. By Proposition 4.2, F is s-closed 
relative to X and f (F) is s-closed relative to Y by Corollay 5.1. Since Y is weakly-T,, 
by Proposition 4.3 f (F) is semi 6-closed and hence / is semi 6-closed. 


A space (X, t) is said to be semi-7, (Maheshwari and Prasad'') if for each pair 
x, y of distinct points of X, there exists disjoint semi-open sets U and V such that 
x € Uandy E€ V. 


Since a regular closed set is semi-regular, weakly-T72 spaces are semi-T 2» However, 
the converse is not true as the following example shows. 


Example 5.1—Let X = {a, b, c} and + = {d, X, {a} {b} fa, b}}. Then a space 
(X, +t) is semi-7, but not weakly-7,. 


By Corollary 5.1, itis obvious that the quasi-irresolute image of an s-closed 
space in any weakly-7, space is semi 6@-closed. Moreover, we have the following 
proposition. 


Proposition 5.2—The quasi-irresolute image of an s-closed space in any semi-7. 
space is semi @-closed. 


Proor: Let f: X¥ + Y be quasi-irresolute, X s-closed and Y semi-7,. Assume 
that y € sCle(f(X)). Let [SO (y)] be a filter generated by the family SO(y). Since 
X is s-closed, by Proposition 3.1 the filter base J-' (SO (y)]) has an SR-accumulation 
point xin X¥. Now, let V be any semi-regular set containing f(x). By Lemma 5, zs 
we have f~' (V) € SR (x). Therefore, for everyWE SO(y),fIVW Af iWsz¢ 
and hence V1 W¢. Since Y is semi-7T;, by using Proposition 2.2 we obtain 
f(x) = y and hence y € f (X). This shows that /(X) is semi 9-closed. 
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In this paper, we introduce some subspaces of extensions, where a space 
is said to be an extension of aspace X if it contains X as a dense subspace. 
That is, for each infinite cardinal *, a subspace E (Y,X,«) of Y which 
contains Xis defined. It is shown that E (8X, ¥,o) = BX, E(8X,X, o;) 
= ypX and f\x E (BX, X, ©) = uX for each completely regular space_X. 


Furthermore it is shown that X is connected if and only if E (Y,X, @) is so, 
and that X is locally connected if and only if E (Y,X, ) is so at each point 
of Mx E (Y, X, *) and not at each point of the outside of it, and that X is 
pseudocompact if and only if E(Y, X, #) = Nx E(Y,X,*) for each exten- 
sion Y of X. 


INTRODUCTION 
In this paper, all spaces are assumed to be regular. It is well known that X is 
connected if and only if BX is connected, and that Y is locally connected if and only if 
®X is locally connected at each point of »X but not at each point of BY — »X. In this 
paper, we will generalize the above results for every extension by defining new sub- 
s paces of extensions of XY. Here, a space Y is said to be an extension of Y if Y contains 
Vv 
X as a dense subspace, furthermore BX denotes the Stone-Cech compactification of X, 
#X the completion with respect to the universal uniformity of X (i. e. the uniformity of 


all continuous pseudometrics on X x YX), respectively: 
In section 1, we will define subspaces of extensions of a space and consider the 


: Vv 
relations between such subspaces, the Stone-Cech compactification and pseudo- 
compactness. 


In section 2, we will consider connectedness and local connectedness of some 
extensions. 


Vv 
1. SuBSPACES OF EXTENSIONS AND THE STONE-CECH COMPACTIFICATIONS 


In this section, we will define subspaces of extensions, and consider the relations 
Vv 
between such subspaces, the Stone-Cech compactifications and pseudocompactness. 
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Definitions 1.1—Let Y be an extension of Y. For a subset A of X, Oy (A) denotes 

the set Y — cly (X — A). If there is no confusion in the context, we will write O(A) 

instead of Oy (A). For an infinite cardinal number «, a subset A of Y is called «-con- 

nected set of Y in Y if for each cellular family {Ux},Ea of open sets of X (i. e. Us 

() Us = ¢foreach distinct « and B of A) with| A| <«,ifA CO( U Ux) holds, 
ce 


then there is an « € A such that A is contained in O (U,). Particularly, if for a point 
pofY, {p} isa «-connected set, we say that pis «-connected point of X in Y (cf. 
Banaschewski!”). The «-extension E (Y, X,k) of X in Y consists of all points of Y which 
are x-connected points of Xin Y. Furthermore the complete extension E (Y, X) of X 
in Y consists of all points of Y which are «-connected points of X in Y for every infinite 
cardinal «. Clearly E(Y, X) = \ {E(Y, X, «): « is an infinite cardinal.}. Finally, Y 
is said to be «-extension (complete extension) of X if Y = E(Y, X,«) (Y = E(Y, X), 
respectively). Then evidently for each infinite cardinals « and A with « < A, ¥ C E(Y, 
AV (ya, A) Cc E(Y,-X; «) CY holds. 


Lemma 1.2—Let Y be an extension of ¥ and « an infinite cardinal. Suppose 
{U.}.Ea4 is a cellular family of open sets of X. 
Then the following hold; 
(yer We Vali) £O,X, 0) = U [0 (U,) 0 EQ, X, «))] 
aecaA aca 


if the cardinality of A is less than «, 


(2) OCU U)N EY, X) = VU [O(Uu) 1 E (¥, X)). 
“xEA aEA 


The proof of the above lemma is straightforward. 


Lemma 1|.3.—Let Y be an extension of X, {Ux}.E.4 a cellular family of open sets 
of X with p € O( U U,). Suppose there are a zero set Z and a cozero setV of Y 
aca 


such that - 
ewe avo OF \) U,). 
aEA 


Furthermore define for each « € A, Ze =(Z 1 X)M Uz and Ve. = VN te) a 
Then for each subset B of A, U Vz is a cozero set of X and U Zz, is a zero set of Xx; 
“EB eEB 


Consequently, Z. CC Us (i. e. Zax is completely separated from X — U,) for 
each « € A, and the family {Z.}.Ea is discrete in X. 


Proor : Suppose that the condition of this lemma is satisfied. Then since V isa 
cozero set of Y, there is a continuous function f from X to the unit interval J such that 
VA X = Cz(f), where Cz (f) denotes all points of X whose values by f are non-zero. 
Let B be a subset of A. Define a function fs from X to J which satisfies the following; 
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= i Vie 
fp (x) S(x) ifxe 


0 otherwise. 


Then evidently fg is continuous, furthermore Cz ( fg) = U, Vas 
ce 
Hence U Vz is a cozero set of X. 
aes 


Next let Z M X = Z(g) for some continuous function g from Xto/. Where 
Z (g) denotes all points of X whose values by g are zero. Let gs = g +/f4—z. Then 
evidently gz is continuous and U Z. = Z (gpg). Hence U Z, is a zero set of X. 
ces ces 


Theorem 1.4—Let Y be a completely regular extension of X¥ and pa point of Y—E 
(Y, X, »). Then there exists a function of C* (X) which is not continuously extendable 
over X U {p} (i. e. as an element of C* (X¥ U {p})). 


Proor : Suppose a point p of Yis not in E(Y, X,). Then thereis a cellular 
family {Uj},",of open sets of Y such that p € O( U U;) and p & O(U,) fori =1,...,n. 
Let Z be a zero set neighbourhood of p in Y which is completely separated from Y—O 
(U Ui). Let Z; be the set (Z () X) QM U; for eachi = 1, ..+» 2. By Lemma 1.3, for 


each i = 1, ..., n there exists a continuous fuction fi from X to I such that 
A= 0 ifx & U, 
l-if x © Za. 


Then f = = tft (ine. £ @) = 1" fy Gi 2s fs (2) hye nafattonveach 


of X) is a continuous bounded real valued function on Y. Evidently this function can 
be continuously extendable over Y U {p}. 
Corollary 1.5—E (BX, X, w) = 8X for each completely regular space Y. 


Theorem 1.6—Let Y be a completely regular extension of XY and Pa point of 


Yi EY 2X) w1)= “Then there exists a function of C (X) which is not continuously 
extendable over XY U {p} (i. e. as an element of C (X U {p})). 


PROOF : Let p be a point of Y— Ey, X,@ 


:). Then there exists a cellular family 
{Ui}iEw of open sets of Y such that p € O ( 


i Ui) and p & O(U,) for each 


bs E a Let Z be a zero set neighbourhood of p in Y which is completely separted from 
— Cs Ui). Let Z; be the set (Z 1 X) CO U, foreachi € w. According to 1.3, 


for each i E «, there exists a continuous function Ji from X to T such that 
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fi(x) = (0ifx & YU, 
lit sey Ze 


Then f = ip i fiis acontinuous function from X to the real line. Evidently this func- 
tion can not be continuously extendable over Y U {p}. 


Theorem 1.7—E (8X, X, ,) = v X for each completely regular space Y, where 
vX denotes the Hewitt realcompactification of XY. 


Proor : By Theorem 1.6, F (8X, X, »,) contains vX. 


> 


Next, suppose p is not in vX¥. Then there is a continuous function f from BY to 
Tsuch thatp € Z(f) and Z (f)  X =¢. Then by the usual way, one can con- 
struct a cellular family {U;};e. of open sets of X¥ such that p€ O ( VU U,) and 

tCw 


p&O (U;) for each i € » by use of the function f. Hence pis not in E (BX, X, )). 


Theorem 1.8—Let « be an uncountable non-measurable cardinal. Then E (BX, 
X, «) = v¥ for each completely regular space X. 


Proor : By Theorem 1.7, evidently E (8X, X, «) C vX holds. 


Next suppose p is a point of v¥ and {Ux }x€a is acellular family of open sets of 
X with | A | < «such that p € O( UW U,.). Let Z be a zero set neighbourhood of p 
. ee 


in 8X which is completely separated from BY — O( U U,). Let Zx be the set (ZX) 
aca 
(1) U. foreach « € A, Then by 1.3, for each subset Bof A, WU Zz is a zero set of 
aes 
X. FurthermoreZ71 X= U Z, isin G¥”, where ZH” denotes all zero set of X¥ 
nea 


whose closures in BX contain the point p. Then there exists an « € A such that 
Zx. © GF”, because if for each « € A, Z, is notin G”®, then we can define a free ultra- 
filte FonAbyBE ¢— iff or Ze. € GF”. Since A” isa real z-ultrafilter, F 
has the countable intersection property. Then Y definesa countably additive non- 
trivial {0, 1}-valued measure on A. But this contradicts to the fact that« is non- 
measurable and the cardinality of A is less than «. Hence there is an a € A such that 
Z. © GW». Therefore p € clex Z.. Since by Lemma 1.3 clay Z. C O (Ux), pis in 


O (U.). 
In a similar way one can prove the next results. 


Corollary 1.9—Let y be the first measurable cardinal if exists. Then E (8X, X, y) 
= vX for each completely regular space X. 


Theorem \.10—Let Y be a completely regular extension of X¥ and p a point of 
Y — E(Y,X). Then there exists a continuous pseudometric on Y which is not conti- 
nuously extendable over X U {p} as a pseudometric. 
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Proor : Assume that pis a point of Y — E (¥, X). Then there exists a cellular 
family {Ux} 4Ea of open sets of X such that p € O ( OEP) and p & O (U,z) 


for each « € A. Let Z bea zero set neighbourhood of p in Y which is completely 
separated from Y — O( U U,z). Define Za to be theset (Z (1) X¥) ™ U.« for each 
aca 
«a € A. Since Z. CC Us, there exists a continuous function fo from X to J such 
that 
fu (x) = ti if x & VU, 
1 ifx €-Zo 
for each « € A. Define d (x, y) = z | fe (x) — fa (vy) |. Since for each x € X, 
ce 
fu (x) is non-zero at most one «, d is well defined. Evidently dis a continuous pseu- 
dometric on X which can not be continuously extendable over X U {p}asa pseudo- 


metric. 


Theorem 1.11—E (8X, X) = »X for each completely regular space X. 
Proor: By Theorem 1.10, pX C E (BX, X). 


Next let p be a point of E (8X, X). Assume pis not in »X. Then by Theorem 

1.7, pisinvX. Hence Y ?” is a real z-ultrafilter and not a Cauchy 2z-filter. Hence 
there is a continuous pseudometricd on ¥ andane>O suchthat d (Z)> e for 
each Z € G?. But by (15.18) of Gillman and Jerison®, there exists a family {Zu}aGaA 
of zero sets of X such that the following properties hold; 

(I) UAE R?, 

xEeA 

(2) d (Zax) =e «/4, 

(3) {Zs}xEua is d-discrete, 

(4) for each subset B of A, U Zz is a zero set of X. 

ces 

Let 5 be the gauge of {Z.}.E4 by d, define 


- 


Gy = {y EX: d(y, Zee) < min («/4, 5/2)}, 
Z, = © Xd (y, Za)'<e min (4: §/2)}. 


Then for each a € A, Us, is an open set of X and Zz is a zero set of X. Furthermore. 
{Ux}xEa is a cellular family of open sets of Y¥. Since U Ze CC WU Uszand U ope 
a EA ae EA EA 
E be hg is a poi t of O i ‘ ‘ 
p point of O ( wy U,). But since AZ! (<3e/4 <e, Z. & ZH. Fur- 


thermore since Ux C Z) , pis not in O (Ux) for each a € A, This contradicts the 
fact that p is in E (8X, X). 
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Theorem 1.12—Let yX and «aX be compactifications of a completely regular space 
X and pa point of «X. If there exists a continuous function f from yX to «X which 
leaves X pointwise fixed, then pis in E (aX, X, «) if and only if f-!(p) is «-connected 
for each infinite cardinal «. 
PROOF : Assume p is in E(«X, X,«). Let {Us}.E4 be a cellularf amily of open 
sets of X with | A | < « such that f-! (p) is contained in Oyx ( U Uz). Since f- (p) 
aca 


is disjoint from clyy (X — UW U.) and fis perfect, pis notin clax (XY — U Uy). 
ra e aca 
Hence p is in Oy x Ve, U.). But pis in E («X,X,x), therefore there is an « € A such 


that p is in O. x (Uz), that is, p is not in cl.x (X—U,). Hence f-! (p) is disjoint from f-! 
(clax (¥ — U,)). Furthermore since f is continuous, f-} (p) is disjoint from clyx 
(X — U,). Therefore f-! (p) is contained in Oyx (U,.). So f-1 (p) is «-connected. Next 
assume f~? (p) is x-connected and {Ux}.E4 is cellular family of open sets of X with 
| A | < « such that pis in Ox ( ey U,). Then since fisa function which leaves Y 


pointwise fixed, f-1(p) C f-" (Oux ( U U)) € Oryx ( U Us) holds. Because f-} 
AS ce 


(p) is «connected, there is an « € A such that f-! (p) is contained in Oyx (Ux), that is, 
Sf (p) M clyx (X — U.) = ¢. Since f is perfect, p is not in clay (Y — Uz), that is, p 
is in O.x (Ux). Hence p is «-connected. 


Lemma 1.13—Let Y be an »-comactification (i. e. compactification and -exten- 


sion) of a completely regular space X¥. If Z is non-empty closed set of Y, then Z is 
connected if and only if Z is »-connected. 


PRooF : Assume Z is a (closed) set of Y and {U;}.", is a cellular family of open 


c=) 
sets of ¥ with Z C O( U U;). If Z is connected, then clearly there is ani = 1,.. ,7 
{=I 


such that Z is contained in O (U;). Hence Z is w-connected. 


Next assume Z is not connected. Since Z is closed and Y is normal space, there 
are disioint open sets V; and V, in Y such that Z is contained in V, UV, and Z 1) Vi 
is non-empty fori= 1,2. Define U=ViM X for i= 1,2. Evidently {U,, U2} 
satisfies Z C 0(U; U U,) but Z € 0 (U;) for i = 1,2. So Z is not w-connected. 


By Theorem 1.12 and Lemma 1.13, the next results hold. 


Corollary 1.14—Let yX and «X be compactifications of a completely regular 
space ¥, and p apoint of «X. If there isa continuous functionf from yX¥ to «X 
which leaves X pointwise fixed, furthermore 7X is an -extension of X, then p is in 
E («X, X, ») if and only if f~1 (p) is connected. 

Corollary 1.15—Let «X be a compactification of completely regular space X, and 
facontinuous function from 8 X to « X which leaves X pointwise fixed, then the 


following hold; 
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(1) for each point p of «X, p is in E (xX, X, ) if and only if f~ (p) is connected. 


(2) «X is an w-extension if and only if foreach point p of «X,f~(p) is con- 


nected. 


In the rest of this section, we will show the relations of pseudocompactness and 


some extensions. 


Theorem 1,16—Let yX and «X be compactifications of a completely regular space 
X. If there exists a continuous function f from yX to «X which leaves X pointwise fixed, 
then for each cardinal «, f-' (E («X, X, o) — E («X, X, «)) C yX — E (yX, X, «) holds. 
Consequently, f~) (E (aX. X, w) — E(«X, X)) C 1X — E(yX, X). 


Proor : Let p be a point of E («X, X, w) — E (aX, X, «). Then there is a cellular 
family {Ux}x€a4 of open sets of X with | A | < « such that p is in Oux Ss U..) but not 
x 


in Oux (Ux) foreach « € A. Then f-!(p) C f-! (Oxx ( We Us)) C Oyx ( 2 U..) 
ce a 


holds. Assume f~' (p) is not disjoint from E (yX, X,«). Let x bea point of f-(p) 
™ E (7X, X, «). Since there is an 8 € A such that x is in Oryx (Ug) x is in clyx Us. 
Hence p = f (x) € f (clyx Us) = clax Us. Therefore p is not in Oux ( Wee ae 
But by the assumption p is not in Oax (Ug). This contradicts to the fact that p is in 
E (aX, X,). Hence f™ (p) is disjoint from E (74, 2X, «), S67" Eek <8 tes) 
(aX, X,«)) C y¥ — E (yX, X, «) holds. 


Corollary 1.17—Let «X bea compactification of a completely regular space X 
and f a continuous function from BX to aX which leaves Y pointwise fixed. Then 
the following hold: 


(1) > FUE (Gay, ei (aX, X, «)) C BX — E (8X, X, «) for each infinite car- 
dinal «, 


(2) f(E (aX, X, ©) — E(«X,X)) C BX — wx, 
The following result is well known’, but we prove it using Theorem 1.11. 


Lemma 1.18—Let ¥ bea completely regular space. Then X isa pseudocompact 
space (i.e. BX = vX) if and only if BY = pX, 


. PRooF : Suppose _Y is pseudocompact and p is a point of BX — pX. Then there 
exists a cellular family {Us}.E4 of open sets of X such that p € O ( U U,) but p & 
A 


$= 
O (Uz) foreache € A. Let Zbea zero set neighbourhood of p in BY which is com- 
Biescly seperated from bx 0 (YU, Us). Define Z. to be the set (Z MX) A Us for 


each « € A. Since pis in vX, {c€ A: Z, is non-empty} has (uncountably many) 
infinite members. Let {a;: i € ©} bea countably infinite subset of it. Define for 
each i € a continuous function /; from X to / such that 


NEW SUBSPACES OF EXTENSIONS 241 


fi(x) = (9 ifx@U, 
li ifx € Z,. 


Let define f = Ms i; fi. Then evidently fis unbounded and continuous. This contra- 
dicts the fact that XY is pseudocompact. Since »X¥ C vX¥ C 8X, the converse is true. 


Corollary 1.19—Let X be a completely regular space. Then the following are 
equivalent : 

(1) X is pseudocompact, 

(2) for each compactification Y of X, E (Y, X, ») = E (Y, X) holds, 

(3) for each uncountable cardinal « and each compactification Y of X, E(Y, X, ) 
= E(Y, X,«) holds, 

(4) there exists an uncountable cardinal « such that for each compactification Y 
of X, E(Y, X, ) = £ (Y, X, «) holds. 


PRoor : (1) — (2); Let X be pseudocompact and f be a continuous function 
from 8X to Y which leaves X pointwise fixed. Then by Corollary 1.17 and Lemma 
1.18, (2) holds. 

(2) — (3) and (3) — (4) are evident. 

(4) — (1); Let (4) hold. Since E (BX, X, «) C E (6X, X¥, #1) C E (BX, X, ), 
BX = voX, 

Remark 1.20: As compared with the above corollary, naturally we have the 
next question : 


If there exists a compactification Y of ¥ such that E(Y, X¥,o) = E(Y, X), then 
is X pseudocompact? 
But we can find the negative answer. Let R* = R U {p} be the one-point compacti- 
fication of the real line R. Then £ (R*, R, w) = E(R*, R) = R, because let Up = {r 
E€ R:r>OtandU, ={r € K:r <0}. Then pisin O(U, U U,) but not in O (U;) 
fori = 0, 1. But R is not pseudocompact. 

Lemma 1.21—Let X, Y and Z be spaces such that X is dense in Y and Y is dense 
in Z, and « be an infinite cardinal. Then E(Z, X,«) C E(Z, Y, «) holds. 

Consequently, E(Z, X¥) C E(Z, Y) holds. 


Proor : Let p bea point of E (Z, X, «) and {Ux}.E4 a cellular family of open 
sets of Y with | A | <« such that pis in Oz ( oe Since Z is regular, there 


exists an open set W in Z such that pE WCclz WC Oz ves Uz) holds. Let W.. 


be the set(W A X) M Us for each « € A. Note that W. is open in X for each «€ A. 
Then cleaily p isin Oz( U W.). Since p isin E (Z, X, «), there is an « € A such 
aEcA 
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that pisin Oz(W.). Note that clzW. YC U, foreach « € A. Then Oz (W,) 
MYC Ux, hence p € Oz (Wa) C Oz (Ux) for each « € A. Hence pis a point of 
E(Z,Y. «). 

The proofs of the next lemmas are straightforward. 


Lemma 1|,22—Let ¥ be an extension of X and « an infinite cardinal. Then E (Y, 
E (), X, x), x) =E ty ae x) holds. 


Lemma 1.23—Let X, ¥ and Z be spaces such that X is dense in Y and Y is dense 
in Z, and « be an infinite cardinal. Then the following hold; 


(1) if Y is contained in E (Z, X,«), then E (Z, X, «) = E (Z, Y, x) holds, 


> 


(2) if Y is contained in E (Z, X), then E(Z, X) = E(Z, Y) holds. 


Lemma 1.24—Let X, Y and Z be spaces such that X is dense in Y and Y is dense 
in Z, and « be an infinite cardinal. Then E(Y, X, «) = E(Z, X,«)  Y and E (Y, X) 
= E(Z, X) O Y hold. 


Theorem |.25—Let X bea completely regular space. Then the following are 
equivalent : 


(1) YX is pseudocompact, 
(2) for each completely regular extension Y of X, E(Y, X,) = E(Y, X) holds, 


(3) for each uncountable cardinal « and each completely regular extension Y of 
X, E(Y, X, o) = E(Y, X, «) holds. 


(4) there exists an uncountable cardinal such that for each completely regular 
extension Y of X, E(¥, X¥,w) =E (Y, X, «) holds. 


Proor : (1) > (2); Assume Y is pseudocompact. Let Z bea compactification of 
Y. Then by corollary 1.19, E (Z, X, ») = E (Z, X). Hence E (Y, X, o) = E (Z, X, w) 
Xe E (ZX) KS E (Y, X) by Lemma 1,24. 


(2) — (3) and (2) > (4) are evident. Also (4) (J) is true by (4) > (1) of 
Corollary 1.19, 


2. CONNECTEDNESS AND LOCAL CONNECTEDNESS OF EXTENSIONS 
It is well known that X is connecte 


d if and only if 8X is connected (cf. Engelking‘, 
6. 1. 14). We can show the next. 


Theorem 2.1—Let ¥ be an extension of Y. Then the followin 


(Le Xi is connected, 


(2) every subspace of E (Y, X, ), which contains X, is connected, 
(3) there exists a connected subspace of E 


g are equivalent; 


(Y, X, ») which contains XY : 
(4) E(Y, X, @) is connected. 


Proor : (1) > (2) > (3) + (4) is evident. 
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To prove (4) > (1), assume X is not connected. Then there are disjoint non- 
empty open sets X, and X2 of Y such that X; U X. = X¥. Then O(X%1) ON E(Y, X, ) 
and O (X2) 1 E(¥, X, ~) is a separation of E (Y, X, w). 


Corollary 2.2—Let Y be an -extension of Y. Then X is connected if and only 
if Y is connected. 


Consequently, X is connected if and only if 8X is connected for each completely 
regular space X. 


Example 2.3—Let X be the subspace {fr € R: r>1}Ufre R:r< — lof 
the real line R. Let Y be the one-point compactification of ¥. Then X is not con- 
nected but Y is connected. 


So, Yis not w-extension of X by Corollary 2.2. 


Definitions 2.4—Let p be a point of a space ¥. The component of p in X is the 
maximal connected set of X containing p. The quasicomponent of p in XY is the in- 
tersection of all clopen sets of X containing p. YX is said to be locally connected at p 
if every neighbourhood of p contains an open connected neighbourhood of p. X is said 
to be weakly locally connected (connected in kleinen) at p if every neighbourhood of p 
contains a connected neighbourhood of p; equivalently for every neighbourhood U of 
p, the component of p in U is a neighbourhood of p. Finally, X is said to be quasi- 
locally connected at p if for every neighbourhood U of p, the quasicomponent of p in 
U is a neighbourhood of p (cf. de Groot and McDowell®). 


Remarks 2.5: If X is locally connected at p, then X is weakly locally connected 
at p. Also, if X is weakly locally connected at p, then X is quasilocally connected at 
p. Furthermore the next properties are equivalent; 


(1) X is locally connected at each point of X, 

(2) X is weakly locally connected at each point of X, 

(3) X is quasilocally connected at each point of X. 

Theorem 2.6—Let Y be an extension of X. Then E (Y, X, ) is not quasilocally 
connected at any point of E (Y, X, w) — E(Y, a), 

Proor : Let p bea point of E(Y, X¥,) — E(Y, X). Then there is a cellular 
family {Us}.e4 of open sets of X such that p is in O C bi Ux) but not in O(U.) for 


each « € A. Since pisin E(Y, X, w), {« € A: U,isnon-empty.}is infinite. Let Q 
be the quasicomponent of p in OC. Us Ux) 1) E (Y, X, ). Then for each 6 of A, 


(O (Us) UOC Ay Ue) EMH 9) = 0 ( A Pika A E (Y, X,) holds by 


Lemma 1.2. aie é is disjoint from O (Us) for ade: BE A. So, Q is contained 
in E(Y, X, ) — X. But since X is dense in E(Y, X,), Qis not a neighbourhood 
22 nage iv X,). Hence E(Y, X, ~) is not quasilocally connected at p. 
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Theorem 2.7 (de Groot and McDowell’, 2.8)—Let Y be an extension of X. If X 
is locally connected at a point p of X, then Y is locally connected at p. 


In asi milar way, one can prove the next theorems, but the proofs are straight- 
forward. 


Theorem 2.8—Let Y be an extension of X and p a point of X. Then the following 
hold; 


(1) if X is weakly locally connected at p, then Y is weakly locally connected at p, 
(2) if X is quasilocally connected at p, then Y is quasilocally connected at p. 


Theorem 2.9—Let Y be an extension of ¥ and p a point of X¥. If E(Y, X, ©) 
is quasilocally connected at p, then X is quasilocally connected at p (consequently, 
Y is quasilocally connected at p by Theorem 2.8.) 


Proor : Let U be an open neighbourhood of pin E (Y, X, ») and Q be the quasi- 
component of p in U. We will show that Q () X is the quasicomponent of p in U CQ X. 
Suppose not, then there is a clopen set Win U 1 X containing psuch that OQ M X 
— Wis non-empty. Let V be the set (U (\ ¥) — W. Then the following holds: 


UCOWUYV)N EY, X, #) 
{O(W)U O(V)} M E(Y, X, @) 
1O(W) N E(Y, X, &)} U {O(V) O EY, X, »)}. 


This shows that Q is not quasicomponent of p in U. This is a contradiction 


I 


In a similar way one can prove the next theorem. 


Theorem 2.10—Let Y be an extension of X¥ and pa point of XY. If E (Y, X, ) is 


locally connected at p, then X is locally connected at p (consequently, Y is locally con- 
nected at p by Theorem 2.7). 


Remark 2.11 As compared with Theorem 2.9 or Theorem 2.10, naturally we 
have a question as follows; : 


if E (Y, X, ) is weakly locally connected at a point p of X, 
then is XY weakly locally connected at p? 


But the answer is negative. Because there exists a completely regular space XY and a 


point p of X at which Y js quasilocally connected but not weakly locally connected®, 
According to Theorem 2.9, BX is quasilocally connected at p. But since the quasi- 
component and the component coincide in every compact space, 

pointwise quasilocal connectedness and the pointwise weakly | 


are the same concept in locally compact spaces. 
at p. 


we can prove the 
ocal connectedness 
Hence £X is weakly locally connected 
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Corollary 2.12—Let Y be an extension of ¥ and pa point of XY. If E(Y, X, «) 


> 


is (quasi) locally is connected at p, then every extension of X, which is contained in 
Y, is (quasi) locally connected at p. 


Proor: Use Theorems 2.7, 2.8, 2.9 and 2.10. 


Corollary 2.13—Let Y be an extension of X¥ and pa point of X. If Z is an ex- 
tension of Y which contained in E (Y, X, »), then E (Y, X, ») is (quasi) locally con- 


> 


nected at p if and only if Z is (quasi) locally connected at p. 
Proor : Because E (Y, Z, ») = E(Y, X, ) by Lemma 1.23 (1). 


Remark 2.14: According to 2.9 or 2.10, if Y is an extension of ¥ and E (TeX, 
®) is (quasi) locally connected at a point p of X, then Y is (quasi) locally connected 
at p. But the converse is not true. Because, the real line R is (quasi) locally connected 
at every point of R, but the set Q of all of the rational numbers is not (quasi) locally 
connected at any point of Q@. Furthermore E(R, Q, ») = Q. Because, for each r of 
R — Q, consider U, = {gE O:qg <r) and U, = {gE O:r> qh. 

Theorem 2.15—Let Y be an extension of a locally connected space X¥. Then 
E (¥, X) is locally connected. Where a space is said to be locally connected if it is 
locally connected at every point. 


ProoF: Let p bea point of E (Y, X) and W an open set in Y containing p. 
Since Y is regular, there exists an open neighbourhood V of p in Y whose closure in Y 
is contained in W. Since X is locally connected at every point, each component of V 
 X is openin X. Let {Cx}.E4 be the family of all components of VM YX. Then 
there exists an « of A such that p is in O(C,), since pisin E(Y, X). Since C, C O 
(Ca) \ E(¥Y, X) C cly Cy holds, O (Cx) M E(Y, X) is a connected open neighbour- 
hood of p in E(Y, X) which is contained in W (-\ E (Y, X). Hence E(Y¥, X) is locally 
connected. 

One can prove the next theorem following Theorems 2.6, 2.7, 2.10 and 2.15. 

Theorem 2.16—Let Y be an extensionof XY. Then X is locally connected if and 
only if E (Y, X, ~) is locally connected at each point of E (Y, X) but not at each point 
of E (Y, X, ») — E(Y, X). 

The next corollary is also proved using Theorems 2.16, 1.5 and 1.11. 
The second half of the next corollary is known as Henriksen and Isbell’s theorem®. 

Corollary 2.17—Let Y be an w-extension of ¥. Then X is locally connected if 
and only if Y is locally connected at each point of E(Y, X) but not at each point or 
Y — E(Y, X). 

Consequently, for each completely regular space X, X is locally connected if 
and only if 8X is locally connected at each point of »X but not at each point of 
BX — pX. 
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Remark 2.18: Unfortunately even if a space X is locally connected, one can not 
decide whether an extension Y of X is locally connected at a point outside E (Y, X, ) 
only using the local connectedness of Y. For example, let R* = R U {p} be the yeu 
point compactification of the real line R. Then R* is locally connected at p and. E/(R*, 
R, w) = R. Next let N* = N U {p} be the one-point compactification of the set 
N of all natural numbers. Then N* is not locally connected atp but E(N*, N, w) 
= N. Of course N is locally connected as also R. 


Remark 2.19: Itis well known that if X is locally connected and pseudocom- 
pact space, then each extension of X is locally connected. Hence as compared with 
Theorems 1.25 and 2.16, it seems that each extension of a pseudocompact space is an 
w-extension. But it is not truel Because, let X be a pseudocompact space with | BX 
—X| 22. Let x, and x, be distinct points of BX — X. Define a function Ff from 
BX to ~X = ¥ — {x2} such that f(x) = (x) if x ~ x. but S (%.) = ™. Let eX be 
topologized as a quotient space of BX with respect to f. Then fit Ca) =oltaekd), 
hence f~! {x} is not connected. Therefore «X is not -extension, according to corollary 
1.15 (2). But X is pseudocompact. 


In the next two results, we will give a condition for an extension Y of X to be 
locally connected at some point of Y — E (Y, X, ~). 


Lemma 2.20—Let Y be an extension of a locally connected space ¥,and U be 
an open set in Y containing a point p of Y. Furthermore let {Ca}xEa be the family 
of all components of U ¢) X, and Ay be the subset {a € A: p €& cly C.} of A. 


Ifp & cly ( Uv C..), then p has a connected open neighbourhood which is 
cE 0 
contained in U. 


PRooF : For « € A — 4o,U(Q (cly C. — cly G U Cs)) is a connected set 
E4, 
containing p, since C, is connected. Therefore U A( U cdyC.—cly( U Cpg)) 
& GAA BEA) 
is a connected set. Furthermore the following holds; 
Cy 


sG454, in 
US Cie (ede rely Gomes Cly(_ U Cg)) 
%*E4-A, BEA, 


Cok cleat? Cp) 
BEA, 


G cly ( U (). 
%EA-A, 


Hence U — cly ( ek Cp) is a connected open neighbourhood 


in Y containing p. 
0 
Remark 2.21 : 


If Y is an extension of a locally connected spa i 
. ce X and 
point of E (Y, X), the in OF 


n for each open neighbourhood U of Pin Y, pis not in clY 
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A U C.); where all notations are as in Lemma 2.20. Because, there is an « € A 
= 

— Ao such that p is in O(C,). Therefore p has a connected open neighbourhood base 

in Y, 


But for pseudocompact case, Lemma 2.20 gives full play for points of Y — E(Y, 
X, @). 


Theorem 2.22(Doss® , 2.4; Walker®9.7)—If Y is an extension of a locally connected 
pseudocompact space X, then Y is locally connected. 


Proor : Let Ube an open neighbourhood of a point pin Y, and {Cu}aea be 
the family of all components of U ( X¥. LetV be an open neighbourhood of p 
whose closure in Y is contained in U. Since X is pseudocompact, for finite « of A, 
(V 1 X) M Cy is non-empty. Hence the condition of Lemma 2.20 is satisfied. 
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Abelian semigroups admitting a unique left invariant mean were characterized 
by Luthar [7rans. Am. Math. Soc. 104 (1962), 403-11]. They are precisely 
those semigroups admitting a finite two sided ideal which isa group. Klawe 
[Trans. Am. Math. Soc. 231 (1977), 507-18] has extended the result for non 
abelian semigroups also. In this paper semigroups admitting a unique multi- 
plicative left invariant mean are characterized. 


PRELIMINARIES AND NOTATIONS 


For any semigroup 5S, let m(S) be the Banach space of bounded real valued 
functions on S with the sup norm. For each s € S, we define a linear operator /, (r,) 
on m (S) by I, f (t) = f (st) r, f(t) =f (ts) for every tE S. A mean on S isa 
positive element of norm one in the dual m (S)* of m({S). We say that » € m(S)* 
is left (right) invariant if » (/,f) = »(f)(u(r,f) = u(f)) for each f © m(S) and 
s€ S. A semigroup S is said to be left (right) amenable if it has a left (right) 
invariant mean, and we denote the set of left (right) invariant means on m (S) by 
MI (S) (Mr (S)). When S is both left and right amenable we say that S is amenable. 
By dim <MI1(S)> (dim <M, (S)>) we mean the dimension of the linear space 
spanned by the set M/ (S) (Mr (S)) in m (S)*. 


A mean + is said to be multiplicative if » (fg) = » (f) » (g) for all f, g © m(g). 
A semigroup is called extremely left amenable, denoted as ELA, if it has a multiplica- 


tive left invariant mean. For a detailed account of properties of EA semigroups we 
refer to Granirer!”. 


For any subset 4 C S let, J4 denote its characteristic function, that is, 


la(s)= lifs € Aand 1, (s) =0 ifs & A. If Aisa subset of S, we use | A | to 
denote the cardinality of A. 


. A subset T of S is called left thick® if for every finite subset F of S, there 
is an element sin S such that Fs C T. A subject A of S, is called strongly left 
thick® if for every subset B of S with| B| < |A|,A—B is left thick. Klawe? 
(Theorem 2.2) has established certain interesting results regarding these thick subsets 


and these results were used to compute the cardinality of the multiplicative left 
invariant means on m (S), 
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CHARACTERIZATION 


Proposition 1\—Let S bea semigroup and pz be a multiplicative left invariant 
meanonS. Let # ={EC S:p(iz) = 1} and let 4 € F be such that | A | 
<|£|forallE € FY. Then A is strongly left thick, in particular, there exist 
strongly left thick sets A such that p (14) = 1. 


Proor : Let B be a subset of A such that|B| <|A|. Then B& Gand 
consequently » (lz) < 1. Since » is multiplicative and 13, = 1s, this implies that 


(le) = 0. Hence » (l4-s) = » (14) — p (ls) = 1. Therefor A — Bis left thick 
(Theorem 7 of Mitchell®). Hence A is strongly left thick. 


Theorem 2—Let S be an ELA semigroup. Then the multiplicative left invariant 
mean on S is unique if and only if every nonempty left thick set is a singleton. 


Proor : Suppose that S admits a unique multiplicative left invariant mean, say 
uw. By Theorem 6 of Granier’, » is the only extreme point of the (convex) set of all 
left invariant means; by Krein-Milman theorem this implies that , is the only left 
invariant mean on S. 


Now let A be any strongly left thick subset of S. Then A can be expressed as a 
union of a family {Dy: v © I} of pairwise disjoint left thick subsets, where I is an 
indexing set such that |I| = | A | (Theorem 2.2 of Klawe’). For each left thick 
subset D there exists a left invariant mean A such thatA (lp) = 1. Theorem 7 of 


Mitchell®. Since » is the only left invariant mean on S this implies » (Ip,) = 1 for 
allyE€ T. As Dy, vy € Tare pairwaise disjoint, this is impossible unless | [| = 1. 
Hence | A | = 1. 


Conversely, suppose that every strongly left thick subset isa singletone. Let 
p and v be two multiplicative left invariant means on S. By Proposition ! there exist 
strongly left thick subsets A and B such that » (la) = v(ls) = !. By hypothesis 
A = {a} and B = {b} for some a,b € S. Let D= {a,b}= A UB. If E is any 
subset of D such that | E | < | D| then clearly D — E contains either A or B and 
therefore D — E is left thick. This means that D is strongly left thick. By assump- 
tion this implies that D is a singleton; in other words, a = 5 and consequently wu = v. 

Theorem 3—A semigroup S admits a unique multiplicative left invariant mean if 
and only if it admits a zero. 


Proor : Suppose S has a zero, say0. Then f-—>/(0) is obviously a multipli- 
cative left invariant mean. Further, if » is any multiplicative left invariant mean then 
for any f © m(S), p(f) = # (bf) =f (O), since 1, f is the constant function f (0). 
This proves uniqueness. 

Conversely suppose that S admits a unique multiplicative left invariant mean, 


say ». By Proposition | there exists a strongly left thick subset A such that (14) = 1 
and by Theorem 2, Ais a singleton, say {a}. Thus p (1{4}) =1, which means that for any 
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fEmS,u(f) =f (a. Then for any x € S and f € m(S) we get f (xa) = (Ix f) 
(a) = p(k f) =» (Sf) =f@. This implies that xa =a for allx € S. For all 
x € Sand f € m(S) define Ax (f) = » (ref). It is straightforward to verify that 
Ax is a multiplicative left invariant mean on S, so that by uniqueness of » we have 
Ax = » forall x € S. Hence for all f € m(S), f (ax) = rz f (a) = pw (rx f) = Ax(S) 
= p(f) =f(a). This implies that ax = aforallx € S. Thusaisa zeroonS. 
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In the present paper we derive a number of new and useful results for the frac- 
tional integral operators involving the generalized hypergeometric functions. 
First we obtain elegant expressions for the composition of these operators. 
It is shown how these operators can be closely related with the algebra 
of functions having Mellin convolution as the product. Inversion formulas 
and the relations of our operators with the generalized Hankel transforms are 
also established. The main results of this paper provide us the extensions 
to the earlier results due to Erdélyi*, Saxena and Kumbhat® and others. 


1. INTRODUCTION 


The object of this paper is to establish a number of key (new and interesting) 


formulas for the fractional integral operators defined below : 





[7 fe) | = hp 1x) me KONO Rea x" F(X) ant 1}) 
[ KE: £@) |= xR 1G) = 8 We) (1.2) 
_ where 
1 cS iM or. s 
Raf) = pig | @— 9 aFe[@:O:2(1- =) FO 
{Re (a) > 0, Re (e) > — 1} E.t1:3) 
and 


MIO= r@ Fo - 9 ch [@s(@s2' (1- F) [sas 


{Re (g) > Re (8) > 9}. a (14) 
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Here (a) abbreviates the array of A-parameters a,,...,44 and so on, 4Fz [z] stands 
for the generalized hypergeometric function. Also we have made the assumption that 
f(x) € C’, where C’ denotes the class of functions f (x) which are such that 


_ [0 (x), |x] 
FET as i (x-8), |x| > 0, 


The operators (1.1) and (1.2) also exist under the following alternative conditions 


l 1 
+ heat ; < 2 — + = ee = | 
(i) = P,q az p q 


l 1 ] 


(i) Re() > — 7, Res) > — 2, Re) > — =, Re@>—, 


J 
q 
(iii) ASBorA=B+1and|z! <1 
(iv) CS DorC = D +1 and | 2’ |< 1 


(v) f(x) € Lp (0, ©). 


Under these conditions both ke f (x) and KA f(x) exist and also both belong to 
Lp (0, co), 


Remark ; The operators (1.1) and (1.2) can be considered as the generalizations 
of the well-known Riemann-L iouville and Weyl fractional integrals and Erdélyi-Kober 
operators. Though these operators are special cases of the operators studied by 
Saxena and Kumbhat’, yet they are also sufficiently general in nature and unify a 
number of other fractional integral operators introduced in the literature from time 
to time. In this paper we shall establish certain new results, in a very neat and 
compact form, for our operators. The importance of our results lies in the fact that 
these can not be established for Saxena and Kumbhat’s operators in terms of the 
named special function, Moreover, many important properties such as commutati- 


vity and associativity which are true for our operators may not hold for Saxena and 
Kumbhat’s operators. 


2. COMPOSITIONS OF FRACTIONAL OPERATORS DEFINED BY (1.1) AND (1.2) 
'n view of definition (1.1), we have 


I (? fo) ) e. Ss aalie — s)*-] GF (a) (b); z (— =) |s-a-8 
x (| (s—u)8-1 4Fa| (a); (b); z (1- “) hare duds, 


0 
| | ecetack) 
Since f(x) € C’, the change of integrations is guaranteed when 


(i) AS B3A= B+ land|z| < 1, 
(ii) Re (a) > 0, Re (8) > 0, Re (A + e)> Pe if 
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and by using the well-known Fubini’s theorem we have 


== ‘ 
rg (73 7) ) = OREO) | wr FQ) a du wn Re) 


where 


4Fep | @: (b); z (1 _ <\] ds. :3.(205) 


For the determination of the value of A, use series representation for 4Fs-func- 
tions, change the order of summation and integration, make the substitution 
w = (x —- s)/(x—u) and use the known results (Ober hettinger® (p. 19, eng. (2.33)) 
therein. Substituting the value of A, so obtained in (2.2), we arrive at the result : 


F=n20 : 
(1 £0) = FS fe oa re 


0 


—::—; A + B — A; a: (a); (a), B 3; 
ans Vs + Biss 3-—: (0); (6); A+B—A 5 


z(1—4£),2(1-4), (1-2) ) a | +04) 


(a): (6) (6 6): Os) ] 


where 


Pe bere cy (e): : (8); (2'); (") : (A); (43 (2), 2? 


co 


Aa ey PZ 
— D> Am mi) at aT pr ott? 
m,n,p=0 
is the general triple hypergeometric series defined by Srivastava® (see also Srivastava 
and Manocha”, (p. 89)). The value of A (m, n, p) and other details of this function 


can be found in the paper and book refrerred to above. 


If we use the series representation (2.5) for F‘*)-function and one of the Euler’s 
transformation of the hypergeometric series (Erdélyi et al.*, p. 64, eqn. (23)), we find 
that 

oe eB A; &~ (a);.(a), B3—; 
4 F033) ? 
SEO EB Pp 5 —— =: (6); (6), A +P — A; 


(equation continued on p. 254) 
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z(1 ae ee (1 -%) (1 -+)] 
= (u/x)" FO B i fe ah F A a ; “4 : ry Soe 


2(1-2),2 (1-2), (1-4)] ...(2.6) 


(2.6) shows that the operators He and I} commute. 
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On proceeding with similar computations, the expression for the product of the 
form (2.4) involving the operators (1.2) can be easily derived. This is given by 


KE(KE £0) ) = KB (KE Fe ) = rere | oe u-A-PA f (u) 


— 5 bls B: (c); (c),.e 3 
a ¥ + B::—;—3;—:@);@,h + «a -—A;—; 


> 


7 (12 )ee (1-2 )i (44) ] (250) 


Next, we obtain the representation of the composition of operators (1.1) and 
(1.2). From (1.1) and (1.2), we have 


(#8 £0) ) = rarer & 9) aFs [ea (iz (1 5) Jos 


0 


oo 


x (| (u — s)®-! oFp (0s (d); 2’ (1 - - )] u-A-B £ (u) du ) ds. 
; eK ee} 


On changing the order of integration which is justified under the conditions that 
f(x) € C’ and Re («) > 0,Re(8)>0, REeA+f)> 0, Re (A+h4+ 1) > 0 and 
Fubini’s theorem, we find that (2.8) takes the form 


I, (x3 f(x) ) a | 8 (u, x) f (u) du ...(2.9) 
where 
x-h=0 y-A-B min(x>u) 
0 (u, x) = T(@Pr@® gAth (x = s)*71 (u — 5)8-1 


x uF [a (b); z (1 ~< )] cFp [ ©: (d); 2'(1 ah ds. 
.. (2.10) 
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The above integral can be evaluated under the cases (i) x < u and (ii) x > u 
and with the help of simple substitutions. 


In a similar manner, the product (2.9) taken in the other order ie. Ke (2 f (x)) 


can be computed. It is easy to observe that this product has a similar representation 


as mentioned in (2.9), where, indeed, the inner integral corresponding to (2.10) is 
markedly different. If ¢ (u, x) denotes this integral, then the following functional 


relation exists between 6 and ¢ 
(u x) d (u, x) = 6 (x-1, u-?), ee 
The final result that emerges is given by 


van Mit afisk _ Fd+hA+dx™ 
(x3 7 ) Kh (1 £9) ) T(a)T(l+h+a+8) 


| ah (1 em eit fw 


F®) Eads Arial Bosraeces () tp 
—1:a+B+At+hl+8+A+Ah5—: (6); @;— 


z(1-#),7(1-4), 4 | du 
Gi x x 
P(l+h+a)x j + (1 is 
(Cyl oh A + ay} Rea 
FO) aE Te te GAY oe 
— ::a+B+aA+hs— 3 )+ a +A: (6); @)s—; 





a 


Zz (1 -=) ,2'(1 — =) : ~|Fw du. bard Zale) 


Evidently the results (2.4), and (2.7) and (2.12) provide us the results of (Erdélyi® 
pp. 166-167, eqns. (6.1) - (6.3); see also, Buschman? (p. 100, eqn. (2.4)) as special cases 
when we take z — 0 and make some simplifications. 


3. MELLIN CONVOLUTION, MELLIN TRANSFORM AND INVERSON FORMULAS 


We shall use the symbol to denote the Mellin convolution taken in the form 


(f * 8g) (x) = fs ( : ) g (u) du. ...3.1) 


If f, fi = Ly (0, oo) then (f * g) E Lp (0, oo), 
Let us define a function by 


Iu 54 (X) = Rye (x — 1)*") H(x — 1) 4Fa | (a: (0); z (4 4 dH 
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where H (z) denotes the Heaviside unit function. Then we can represent the operator 
(1.1) in the form of convolution (3.1). Indeed we have 


ese) ~ fe (2) (35) Ga 
AF g | (d); z ( s )}} f(s) ds 


= (n,n * f) (x) .. (3.3) 
where /3.,, (x) € L, (0, 2°) fora > 0, h > 0. 








This reveals that the properties of commutativity and associativity hold true for 
the operator (1.1), since these can be identified with the elements of algebra of functions 
having the Mellin convolution (3.1) as the product. 


In a similar manner if we define 
Kea @) = gy OH — 2) oF [Os @s2 (1 —%) 
...(3.4) 
then 
Ka f (x) = (Kaya * f) (x) (3:5) 
where 
Ke, (x) € Ly (0, cc) for 8 > 0,A > — 1. 


From the definition of Mellin transform and the results [Erdélyi er al®., p. 311, 
eqn. (31), (32)], it follows easily that 


ra = 
M, (lash (x)} = Tie A+ifB+, [(@), «; (6), 1 +h + a—s; z] 


635) 





| r 
M, {Kena ()) = rg G4 cxFon: (0), Bs (@),A+ B + 532’) 3.7) 


where M, { f (x)} stands for the well-known Mellin transform. The above results in 
conjuction with (3.3) and (3.5) yield 


h _ F(+h-—s) 
Me RIO} = a ey anton 


[(@), (6), 1 +h +a—s;z] M, {f (x)} -- (3.8) 
M, Ka so} = ma an. C41F d41 


(©), B54), A + B+ 832] M, {f(x}. --(3.9) 
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If we use the well-known Mellin inversion theorem in conjuction with (3.8) and 
(3.9), we easily arrive at the inversion formulas (given below) for the operators 
defined by (1.1) and (1.2) respectively. 
c 4iY 
uy : ts 
rUFe+ D+ F0—O= a; tim | oe mfr son }a 
atx (3.10) 
where pai 


® (s) = Te A+iF Bs, [(a), a; (b), 1 +a+ h — 5; Zz]. 
The formula (3.10) is valid under the conditions 
(i) f(t) € Lp (0, 9), 1 S ps2 
(ii) f(t) is of bounded variation at the point tf = x (x > 0). 


cay 
I ian ts 
ZF +S Ol = 37 lim | aay Me [xi @} a 
c’~iY 
43.11 
where oy) 
A 
Q (s) = ee c++, [(c), B; (d), A + B + 5; 2’). (asi 2) 


The formula (3.11) is valid under the same conditions as mentioned with (3.10). Also 
when / (t) is continuous at t = x (x > 0) then the left hand sides of (3.10) and (3.11) 


are equal to f(t). 

If we take A = C = 2, B =D = 1,b, = 4,4, = 8, z = z’ = 1 in (3.10) and 
(3.11), we arrive at the inversion formulas established earlier by Saxena and Kumbhat® 
[p. 142, eqn. (3.1) and (3.3)]. 

4. RELATIONS BETWéeN Operators (1.1) AND (1.2) AND THE GENBRALIZED 

HANKEL TRANSFORM 


The generalized Hankel transform is defined by the equation' 


HY (f:3= | GOs, GNSMd,@ > 0) 4.) 


U 
where tae (x) is the Bessel-Wright function [see Srivastava and Manocha”™, (p. 51, 


eqn. (22))]. 

In this section we shall establish the following two new theorems giving us the 
interconnections between our operators defined by (1.1), (1.2) and the generalized 
Hankel transforms : 
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Theorem 1—If f and iH {f:u} are related to Lp (0, cc) andifu > 0,» > 0, 
Re (a) > 0, Re [{(¢ + 1)/p} — v + Ah] > O, then 


ioe) 


I* f (x) = | b (x, u) HY (fu) du (4.2) 


0 


where 
¢ (x, u) = (ux){(otD/P}-vtath—1 


l[{((o +r + I/p} — v + A) (— uxyl* 
P(e +r + Di/y} —v tat AP [Co +r + Wfpjr! 


x A41F B41 [(a), Qs (d), {(o +r + 1)/p} Td a a + h; z], 


(4.3) 
provided that A = Bor A= B+ 1,|z| <1. 


PRooF : We have! 


f(t) = . (uteri harem (tuyl* HY {f:u}du ...(4.4) 


CL 


therefore 


co 
Ii f (x) =— | u{(er1) B}-v-1 fa {x{(o+1)/#}-v-3 AS Ne, (ux)'!"} 
0 


xX HE {fu} du. u{45) 
The change of order of integration is justified under the conditions given above. 


Now evaluating the value of i { } occurring in the integrand of (4.5), we 
arrive at Theorem 1]. 


Theorem 2—If f and Ht { f: u} are related to ZL, (0, cc) and ifu > 0,» > 0, 
Re (8) > 0, Re [A — {(¢ + 1)/p} +v 4 1] > 0, then 
K} {(xX= | $' (x, u) HY {fz u} du ...(4.6) 
0 
where 


f = @+1)/P\-y-1 ~¢ if [A— {((o+r+1)/u}+v4+1] (—ux)'!* 
% (x, u) = (ux)orD/"} DE ces nares eae ee 


r=0 


x ctFo41 [(c), Bs (@), A+ B—((o + r+ 1)p}+ v4 1; z'] 
...(4.7) 
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provided thatC < DorC =D +1,|2'| <1, 


The proof of Theorem 2 is similar to that Theorem 1. 


Theorems | and 2 provide us interesting generalizations of the results established 


by Saxena and Kumbhat’, (Theorems 5 and 6). 
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ASSOCIATED KERR-NEWMAN METRIC IN THE COSMOLOGICAL 
BACKGROUND 


L. K. PATEL AND SHARDA S. KOPPAR 
Department of Mathematics, Gujarat University, Ahmedabad 380009 


A Kerr-like exact solution of the Einstein-Maxwell field equations is presented. 
It is interpreted as the associated Kerr-Newman metric in the cosmological 
background of the closed Roberston-Walker universe. The associated Kerr- 
Newman metric in the background of the Einstein’s static universe is also 
briefly discussed. 


1, INTRODUCTION 
We kn ow that the Robertson-Walker metric with positive a curvature 
can be expressed in the form 


ds? = dt? — 





| ae + aye dee (xdx + ydy Pocgry ee =F | 
Ry — (x? + y? 4+ 2%) 


Re 


- 


* 


raChee) 
where Rp is a constant and R is an arbitrary function of time t. When R = Ro, the 
metric (1.1) becomes the metric of Einstein static universe. 


Let us carry out the following transformation from the co- ordinates (x, y, z) so 


(r, ¥, B) 


x = Ro sin (r/Ro) sin & cos 8, 
y = Ry sin (r/R,) sin v sin B, fatl.2) 
Z = R, sin (r/Ro) cos v. 
The metric (1.1) reduces to the form 
R? 
ds? = dt? — ~ {are : int (ZY ( ere 
fe ce tat PS 1 R dy? + sin? } dg? )} . 
, sot Lae? 
Let us define the co-ordinates x and u by the differential relations 
2 
dx = x at, du = Sa — dr. 
0 R* ncaa) 
With the aid of (1.4), one can express the metric (1.3) in the form 
R2 
= 2du dx — — dy® — R* gin? (ae) (dy? + sin? dd 82). ...(1.5) 
R Hea gh 
0 


KERR-NEWMAN METRIC IN THE COSMOLOGICAL 261 


Using the method of complex co-ordinate transformation, a new solution of Einstein’s 
vaccum field equations is obtained by Demianski?. The geometry of this solution is 
described by the line element 

ds? = 2 [du + a {sin? } log tan 4/2 — cos ¢} d 8] dx 
— (r? + Z*) (dv? + sin? dp?) 


a (1 v eZ [du + a {sin® } log tan 4/2 — cos 4} dB} 
(1.6) 


where 
Z = a[l + cos ¢ log tan 4/2]. vwi( 177) 


Here m and a are constants. When a = 0(1.6) becomes the well-known Schwarzs- 
child exterior metric. The space-time described by the metric (1.6) is Petrov type II 
and possesses a singularity on the rotation axis } = 0 and) = a. Vaidya’ has desig- 
nated the metric (1.6) as the associated Kerr metric. The electromagnetic generaliza- 
tion of (1.6) has been discussed by Bhatt’. We shall call this generalization the 
associated Kerr-Newman metric. 


The principal aim of the present article is to derive a new exact solution of 
Einstein-Maxwell field equations describing the associated Kerr-Newman metric in the 
background of the Robertson-Walker universe described by (1.5). 


It should be noted that the Kerr metric in the cosmological background has been 
discussed by Vaidya® and the Kerr-Newman metric® in the cosmological background 
has been discussed by Patel and Trivedi‘. 


It is easy to see that the metric (1.5) and (1.6) are particular cases of the Kerr- 
NUT metric discussed by Vaidya et al.® 
We begin with the general Kerr-NUT metric 
ds* = 2(du+gsinadB) dx — M* (da*® + sin? « dB*) 
— 2L (du + g sin « dB)? ... (1.8) 
where 
g=e2(«),L=L(u,x,«), M=M (u, x, a). 


We shall use the method of differential forms for the discussion of our solution. This 
method is standard now and therefore we shall not enter into the details. Introducing 
the basic 1-forms 

6g = du + gsin adf, 6? = Mda 

6? = M sina df, 64 = dx — Lo! eat 1.9) 
the metric (1.8) takes the form 


ds* = 26'6* — (6°)? — (6°)? = &¢as) 0° &. -+-(1.10) 
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Now onwards the bracketed indices indicate tetrad components with respect to the 
tetrad (1.9). Using the tetrad (1.9) Vaidya etal.° have obtained the tetrad com- 
ponents Ras) of the Ricci tensor for the metric (1.8). For the sake of brevity they are 
not listed here. We shall use the expressions for Ras) given by Vaidya et al.*. 


2. THE ELECTROMAGNETIC FIELD 
Let us consider the electromagnetic field described by the 4-potential A; given by 
A; = (A, 0, A g sin «, 0) a 
where A = A (u, x, a). We have named the co-ordinates as x! = u, x? =a, x8 = B, 
x4 =x. The electromagnetic field tensor Fy, is defined by Fix = Aix — Axst. Using 
(2.1) we can find Fix. We raise and lower the indices with help of the metric (1.8). 
The surviving F** are given by 
— Fl = 2fgA[M‘, F'* = (g*/M*) A, — A, 
F*8 — 2fA/M* sin «, F?4 = gA,y/M? 
F*4 = gA,/M? sin a. s1f2i2) 
Here and in what follows the following notations are used : 
(i) A suffix indicate partial derivative 


0A 6°A 


C. 2 Ass arias iT ie Busty 


etc., 


(ii) 2/ stands for g. + g cota; 
(iii) The variable y is defined by the relation 

dy = gda; 
(iv) The semicolon indicates covariant derivative. Using (2.2) and the metric (1.8) 
it can be easily verified that th Maxwell equations F‘*; k = 0 for source free electro- 
magnetic fields give rise to the following four differential equations for the function A: 

Axx + 2Ax (Mx/M) + (4 f? A/M*) = 0 

Axy + (2 f A/M?), = 0, 

Ayx — (2 f A/M?*)y = 

(g7/M?) (A, + Ayy) + (2 f Ay|M*) 

— [Axy + 24x (M,/M)] = 0. o0a(2i8) 


- 


The electromagnetic energy tensor Ej, is given by 
Ek = — g!™ Fy Fem + (4) gk Fim F'™, 


Using Fix, F* and 8ik given by (1.8) we have computed the components E;,. The 


expressions for Ej, are slightly lengthy and therefore they are not given here. Using 
these expressions in the relations 
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Se eee i 
E\ab) = Cay yy Elks Eq) 0° = dx’, ...(2.4) 


we can determine the tetrad components Eas), of the electromagnetic energy tensor. 
They are given by 


Fes) = Eos) = Eta) = Eqayy = 0 

Eqy = (g?/M?) ( A A; ) 

Eqs) = (gM) (Ax Ay + 2f-A A,JM?) 

Eqs) = (g/M) (2 f A Ay[/M*—A, Ax) 

Ess) = Ego) = Ess) = 1/2 (A) + 4 f? A®/M?4). 


3. THE EINsTEIN-MAXWELL FIELD EQUATIONS 
We shall use the following field equations : 


Rn — 38x R= —- 8x Ex —Agn 
—8xri[(p t+ P) wy % — pein + o Wie) SAE, 
with 
g* yu, = 1, g** ww, = 0, g* yw, = 1. wAs.2) 


The last in (3.2) is the normalising condition. Here o w; w;, in the tensor arising out 
of the following null radiation, v‘ is the flow vector of the perfect fluid and Ais the 
cosmological constant. The other symbols occurring in (3.1) have their usual meanings. 
The field equations (3.1) can be expressed in the tetrad from as 


Rab) =A 8&(ab) — 87 Eat) — 8 TOW (a) Wb) 


— 8H [(p + P) Ha) — 3 (P — P) Sad)l. +--(3,3) 
For the metric (1.8) and the tetrad (1.9) we take the tetrad components of w and w; as 
way = (1/2A, 0, 0, A), Wray = (1/A, 0, 0, 0) ...(3.4) 


where A is a function of co-ordinates to be determined from the field equations. It is 
painless to verify that v; and w; given by (3.4) satisfy the conditions (3.2). Using (3.4) 
in (3.3) we obtain 


Ros) = Row = 0 taco) 
Raa) = — 82Eq», Rasy = — 87Eus) m(3.0) 
82 p = A — Roa — 87 Eqs) me ES) 
82 (p + P) = — 2 [Res + 87 E(e2) + Raw + 87 Eco) rh 358) 
M2? = — Reayy/8a (p + P) sae(3.9) 
l6na = —4n(p+P)+ Ren [Ren FEO ...(3.10) 


Where E,as) are given by (2.5) and Rias) are given by the expressions listed in the paper 
by Vaidya et al.*. 
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The next section will be devoted to the solution of the above Einstein-Maxwell 


field equations. 


4. THe SOLUTIONS OF THE FIELD EQUATIONS 
Equations (3.5) contain only the function M@M. One can easily verify that eqn. 
(3.5) admit the following solution, 


M2 = R®F?(X* + Y*)/Ri ...(4.1) 
where 

X = Xr), Y = Y()), F = F(y), R = R(x) ...(4.2) 
and 

f So ae fos ITs ---(4.3) 
Here R, is a constant and the function X and Y¥ satisfy the relations 

2 2 
cee ata X/R; > xX, = 1 we XR, 
Yyy = Y/Ri ’ Yy ome 1 + YoiRs . ...(4.4) 


Using this M? and f in the system (2.3) of the four equations one can determine the 
function A as 


eXX, 
ces ea ...(4.5) 


Where e is a constant of integration. Note the fact that A isa function of r and y 
only. 





Using M* and A given by (4.5) in eqns. (3.6) a solution of these two differential equa- 
tions can be expressed as 


Re mXX, — dne'| 1 — ( 2X?/R® )] 
2 x? + y3 
R, 


2L = - 








...(4.6) 


where m is a constant of integration. 


If the function g is known, the function F can be determined from (4.3). This 
completes the task of determining all the metric potentials except the function g (a). 


The pressure p, the density P, A* and the radiation density os can be determined 
from (3.7), (3.8), (3.9) and (3,10) respectively. 


Since we are interested in the associated Kerr-Newman metric in the cosmological 
background, we replace the variable y by the variable # defined by 


Y (y) = a[l + cos ¢ log tan Y/2] (4.7) 
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where a is an arbitrary constant. For our solution g sin « must be 





























g sin « = a[sin® ¢ log tan $/2 — cos WJ. ...(4.8) 
Using (4.7) and (4.8) eqn. (4.3) determines F as 
F sin « = sin v. -..(4.9) 
The physical parameters p, P, A* and o are given by 
R. 3R° aR? 
8mp=A+ 21 ( —— “Ee )- <_{ 4s . 7 = | 
R R R? R Ne R* 
0 
...(4.10) 
4R? 
89(p +p) = ~ (LZ - Bs )- a - af 
R* R} Ry (X? + ¥?) 
R° : 
ed ean, 
2 
R, 
2Rx 2 Fey WAS 2 
+ Gers (1 a ) + 6re xx, } 
0 
(4.11) 
x R, Rex \ig 4,12) 
=2( a — “# \en +) (4. 
l67o = — 47 (p+ P) 
3 = Re 2X? 
=—J eh 2 = ae ee —_— ——— 
| Re K, R ) | eats] (1 R ) 
4m (p + P) : 
2 2 
Lonel Wwetihen at (z = a) 
Dee hie < tir Ri R : = TS) 
The final form of the metric of our solution is given by 
ds* = 2 [du + a {sin® ¥ log tan 4/2 — cos v} d§$] dx 
Moos Si a 
~—< cy + yy] 1 + 7 + sin? y ap? 
R? Ry 
| R* 4 m Ae ee (1 % 2X" )] [du +a {sin? yp log 
2 
te R, 


x tan 4/2 — cos ¥} dp} ...(4.14) 
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where X = Rp sin (r/Ro) and Y is given by (4.7). 
When R = constant = R, and R, — 9, the metric (4.14) reduces to 
ds* = 2 [du + a {sin? ¥ log tan l/2 — cos J} df] dx 
— (r? + Y*) (dv? + sin? ¥ dB?) 


= E 4 a | [du + a {sin® / log tan t/2 — cos v} dp}? 


‘igh oe 
...(4.15) 


where Y is given by (4.7). The metric (4.15) is the associated Kerr-Newman metric 
discussed by Bhatt?. 


When m = e = a = O, the metric (4.14) reduces to the Robertson-Walker metric 


(1.5). 


Thus the metric (4.14) is such that it reduces to the associated Kerr-Newman 
metric in the vicinity of the source and it reduces to the Robertson-Walker metric in 
the absence of the source. Therefore (4.14) can be interpreted as associated Kerr- 
Newman metric in the cosmological background of closed Robertson-Walker universe. 


A particular case, R = constant — Ro, of the metric (4.14) is note worthy. In 
thiscase the metric (4.14) takes in the form 


ds* = 2 [du + a{sin® & log tan 4/2 — cos ¢} df] dx 


— be + yf 9 + sint ya 8] 
1 + 











Ry 
mXX, — 4re? (1 _— Eel ) 
[! + 7 —* 
a yyy ] 
x [du + a {sin® log tan 4/2 — cos v} d By? ...(4,16) 


where X¥ = Ro sin (r/R,) and ¥ is given by (4.7). 


The physical parameters P, P, * and o are given by 


Sup = A+ (2/R5) (L — 1), 8@ (p + p) = —(4/R° )(L:— 1) — 2H 








Ry 87 (p + p) (- c-y+H | 


...(4.17) 
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where 
Pree td (1 1 a) 
= Sot THE Cerra Sea) Hela 4re? Re 
R? (X24 Y%) SO es ee me 
XxX? + y? 


X = Ry sin (r/Ro) and Y is given by (4.7). 


Now for a physically viable model the parameters P, P, A? and c should be posi- 
tive. From the results (4.17) we have verified that the positivity of these four para- 
meters imposes the following restrictions on A and r: 


2 
A> —i(1-—- 
: ( L) .-.(4.18) 
0 
and 
2 
x> [ m XX,— 4ne? (1 ies )] (4.19) 
} ax 


0 


where L is given by (4.17). 
When R, — co, the inequality (4.19) becomes 

r? > mr — 4ze’, ...(4.20) 
If we take the equality in (4.20), we get the familiar equation governing the horizons 
of the Reissner-Nordstrom solution. 

When m = e = a = 0, the metric (4.16) reduces to the metric of Einstein static 
universe. In this case (4.18) gives A >1/R?2 . The metric (4.16) describes the asso- 
ciated Kerr-Newman metric in the background of Einstein’s universe’ provided the re- 
strictions (4.18) and (4.19) are satisfied. 


When a = 0, the metric (4.14) represents the Reissner-Nordstrom metric in the 
background of closed Roberstson-Walker universe. Here the radiation density ¢ is 
non-zero. But if, in addition, R = constant = Ro, o vanishes and we get the Reissner- 
Nordstrom metric in the background of Einstein static universe. 
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VIBRATION AND BUCKLING OF PARABOLICALLY TAPERED POLAR 
ORTHOTROPIC ANNULAR PLATES ON ELASTIC FOUNDATION 


r,0 
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Department of Mathematics, University of Roorkee, Roorkee 
(Received 14 January 1986; after revision 15 December 1986) 


The present paper analyses the effect of hydrostatic peripheral loading and 
that of elastic foundation on the natural frequencies of free axisymmetric 
vibrations and critical buckling parameter of parabolically tapered annular 
plates exhibiting polar orthotropy on the basis of classical plate theory. 
The governing fourth order linear differential equation has been solved by 
using Chebyshev polynomials for three different boundary conditions: inner 
and outer both clamped; inner clamped and outer simply supported; inner 
free and outer clamped. Transverse displacements, moments for a parti- 
cular set of plate parameters and buckling loads in compression for different 
values of taper constant, foundation modulus for various values of rigidity 
ratios have been computed for first two modes of vibration. A comparison 
of our results with those available in literature shows a reasonable agreement. 


NOMENCLATURE 


Polar co-ordinates of a point in the mid-plane of the plate 
h(r), thickness of the plate 

non-dimensional thickness of the plate at the centre 

outer and inner peripheral radii of the plate, respectively 
mass density per unit volume 

w (r, t), displacement function 

dw/ér 

time 

dw/dt 

E,h?/12 (1 — vy ve), flexural rigidity in radial direction 
E,h3/12 (1 — vs), flexural rigidity in tangential direction 
NjaD,, tensile in-plane force parameter 


critical buckling load 
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Q? 12Pa°o? (1 — v,ve)/E,h> non-dimensional frequency parameter 


Poisson’s ratio defined as strain in tangential direction due to unit 
strain in radial direction 


Vr 


Poisson’s ratio defined as strain in radial direction due to unit strain in 


ie tangential direction 

@ circular frequency in radians per second 

ky foundation modulus 

K ky alE, 

o taper parameter 

E,, Eo Young’s moduli in radial and tangential directions respectively 
m a positive integer, the number of collocation points 


CiConiCe unknown constants in eqn. (5) 
T,,T,...,T, Chebyshev polynomials 
YorVis-++» Vm—5 Zeros Of the Chebyshev polynomial 7,,,_, in eqn. (7) 


re jth integral of T;, 


C35,:F: denote clamped, simply supported and free peripheries, respectively. 


1. INTRODUCTION 


In the recent past a considerable amount of work has been done on vibrations 
of annular plates of variable thickness due to their continually increasing use in the dy- 
namic design of various engineering structures. A survey of literature by Leissa! shows 
that relatively little work has been done dealing with vibration of plates of variable 
thickness possessing polar orthotropy. There is no doubt that the consideration of the 
thickness variation together with anisotropy in structural components not only ensures 
reduction in size and weight maintaining high strength but also meets the desirability 
ofeconomy. Keeping this in view fairly recent researches dealing with free transverse 
vibrations of circular/annular polar orthotropic plates have been reported*-°, Under 
normal working conditions, these plates may be subjected to in-plane stressing arising 
from hydrostatic, centrifugal and thermal?~? and the supporting medium may be iso- 
tropic, homogeneous and linearly elastic : that is the Winkler type foundation. 


In the work reported here the combined effects of elastic foundation and in-plane 
forces together with the polar orthotropy have been analysed on the axisymmetric 
vibrations of annular plates of parabolically varying thickness on the basis of classical 
theory of plates for the first two modes of vibration. The fourth order linear differen- 
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tial equation with variable coefficients which governs the motion of such plates, has been 
solved by Chebyshev polynomials. 


2. ANALYSIS OF THE PROBLEM AND ITS APPROXIMATE SOLUTION 
The differential equation which governs the axisymmetric vibrations of a homo- 
geneous polar orthotropic annular plate of thickness h (r) resting on an elastic founda- 
tion of modulus ky and subjected to a tensile in-plane force N at the outer periphery is 
given by* 
Dy Wyrrrr + [2 (Dr +r D,,r)[r] Wyrrr + [{-— Di (2 + ve)r Dryer 
+ r? (Drsrr = N,)}/r?] Wore + [{Do —PrDe. + Fr (Ve Dy,er 
+ Ne +rN,,r)}/r?] wert ke w+ ph wie = 0 on fl) 
where 
N, = — (N/ha) (a4*)/(a?4 — b?A)) h {rA- — brat}, he = hh | rea, @ and b 
are the outer and inner radii respectively, wis the transverse deflection and other 
symbols have their usual meanings (see Nomenclature). 





Introducing the non-dimensional variables x = r/a, ® = w/a, h = hja and 
thickness variation in radial direction given by h = hy (1 — «x*), eqn. (1) becomes. 
4 di 
w 
> B; dxt ae 0 22) 
1=0 


where @ (x, 1) = W(x) e‘** (for harmonic vibrations), By = (1 — ax?)8 
Bz, = (2/x) [1 — «x?)? (1 — 7ax*)] 
B, = [(1 — ax)? {— p (1 — ax’) — 6ux? (2 + vo)} — 6ax? (1 — bax? 
+ Sa2x4)]/x? + Nx 
(1 — ax?) [p (1 —ax?)? (1 + Sax*) — 6ve ax? (1 — 5ax*)]/x* 
+ (Nx|x) + (Nx,x) 


\ 


By 


By = (ky aJD,) — (1 — ax?) 22, Dy = E, hy [12 (1 — veve), 

p = EolE;, Nx = — N {(1 — «x*)[(1 — «) (1 — BPA} {x4 — BPApxd™} 

A = Vp, = bla, N = NlaD, and Q? = 12Pa? w? (1 — vevel)Er hw 
Due to the presence of variable coefficients in eqn. (2), its closed form solution 


is not possible. Keeping this in view and approximate solution is obtained by apply- 
ing the Chebyshev collocation technique, as follows. 


By taking a new independent variable 
y= {2x -—(1+ Syl — 9), (3) 
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the range « < x < 1 is transformed to — | < y <1, the applicability range of the 
technique. Equation (2) now reduces to 


4 di 
'w 
Bs A SN = 0 (4) 


i=0 
where 4; = »! B; (i = 0, 1, 2, 3, 4), and 4 = 2/(1 — €). Accordingt o the present 
method, one has to proceed by assuming 

m—5 
nie 3 C45 Ti, EES 
dy* a + | 
where 7; (i = 0, 1, 2, ... m — 5) are Chebyshev-polynomials. Successive integrations 
of eqn. (5) lead to 
m~s 
W=e1t CT, + cesT, + GT, + SS Cas T4 ...(6) 


t-0 


where c;(j = 1, 2, ..., m) are unknown constants and Te represents the jth integral 
of T}. 


Substitution of W and its derivatives in eqn. (4) gives an equation in terms of the 
unknown constants c’s and Chebyshev polynomials 7’s. The satisfaction of this re- 
sultant equation at (7 — 4) collocation points given by 


22+ 1 a 
m—4 2 





yi = Cos ( ), Epa ls tech eS SoD 


provides a set of (m — 4) equations in terms of the unknowns c( jim 1,2, an) 
which can be written in the matrix form as 


[M] [Y] = [0] ---(8) 
where M and ¥ are matrices of order (m — 4) x mand mx | respectively. 


3. FREQUENCY EQuaTIONS 


The following three sets of boundary conditions have been considered in this 
work : (i) C-C, clamped at both the inner and outer edges; (ii) C-S, clamped at the 
inner and simply supported at the outer edge; (1ii) F-C free at the inner and clamped 
at the outer edge. The relations which should be satisfied at a clamped, simply sup- 
ported and free boundary are W = dW/dy = 0,W = » (d?W/dy®) + (ve/x) (dWi/dy) = 0 
and a idy') + (velx) (dWidy) = 4 (q (@Widy®) + (I]x) (d* Wldy?)} — (pfx) 
(dW/dy) = 0 respectively. 


Applying the C-C boundary condition aty = — | and y = 1 to the displace- 


ment function W (y), one obtains a set of four homogeneous equations. These equations 
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together with the field equation (8) give a complete set of m equations in m unknowns, 
which can be denoted by 


[ Me |" =0 9) 


where Mec is a matrix of order 4 x m. 





For a non-trivial solution of eqn. (9), the frequency determinant must vanish and 
hence, 














M 
Fags = 0. ...(10) 
Similarly for C-S and F-C plates frequency determinant can be written as 
M M 
= => eee ll, 12 
| Mcs U. | Myc i ( ) 








respectively. 


4. NUMERICAL RESULTS 


In the work reported here, transcendental equations (10), (11) and (12) have been 
solved numerically for the first two modes of vibration. The effect of various plate 
parameters such as radii ratio b/a (= 0.1, 0.3, 0 5), foundation parameter K (= 0.10, 
0.02), rigidity ratio Eo/E, (= 9.5, 1.0, 2.0, 5.0), in-plane force parameter V (= —20 
(10) 20) and taper constant x (= — 0.2) 0.5) on the natural frequencies have been com- 
puted for three different boundary conditions C-C, CS, and F-C for ve = 0.3. Nor- 


——> °, FRROR IN 





——> NUMBER OF KNOTS (m) 


Fic. 1. % Error in Q for C-C annular plate for b/a = 0.5, E9/E, = 5.0, N = 10.0, K =0.02 
aad «a = — 0.3. 
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malized moments and displacements have been plotted for b/a = 0.3,% = + 0:3; 
N = 10.0, Eo/E, = 5.0 and K=0.01. Critical buckling loads have been com- 
puted for various values of the taper constant, foundation parameter, the rigidity 
and radii ratios for both the modes of vibration. 


The number of collocation points have been taken asm = 15 since further in- 
crease in the value of m does not improve the results even in the fourth place of 
decimal. A consistent improvement was seen with the increase in the number of knots 
shown by Fig. | taking b/a = 0.5, Eo/E, = 5.0, V = 10.0, K = 0.02and« = —0.3 
for C-C plate. All the computations were carried out in double precision arithmetic 
on DEC-2050 Digital Computer. 


5. DISCUSSIONS 


The results are presented in Figures (2-9) and Tables (1-4). It is found that the 
frequency parameter for a C-S plate is greater than that for a F-C plate but less than 
that for C-C plate for the same set of plate parameters. Fig. 2 showing the plots for 
Q versus E,/E, for b/a = 0.3, VN = 10.0, K = 0.01 anda = + 0.1 reveals that the 
frequency parameter © increases with the increasing values of E./E, for all the three 
boundary conditions for plates vibrating in fundamental mode. A similar inference 
can be drawn from Fig. 3 showing the plots for second mode. 


c-c —— 
c-S ====}oyae03,R=100,K=001 
55 F=C ....6— 


<=-0.1 
S 
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39 


S 100 
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0 " 
—~ E/E, 


Fic. 2. Natural frequency for C-C, C-S and C-F 


annular plates vibrating in fundamental 
mode, 





0 0 
= ES /E- 





Fic. 3. Natural frequency for C-C, C-S and 
F-C annular plates vibrating in second 
mode. 
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A ee 4 shows the effect of thickness variation on the natural frequencies for 
: » 0.5), E/E, (= 1,0, 5.0), K = 0.01 and V = 10.0 for the fundamental 
mode. It is observed that frequency parameter © increases as the outer peripher 
becomes thicker and thicker (i. e. for decreasing values of «) for all the three iiss 
However the rate of increase of Q for C-S plate is less than that for C-C ste but 
greater than that of F-C plate, other plate parameters being fixed. As far as the be- 
aes in the second mode is concerned, plots have been given in Fig. 5 which show 
ae ' pete increase of 2 with decreasing « is higher as compared to the funda- 


jen Ctl. os 


_<f---7- 03 
oo, ae 
—+— 03 


og SP 05 


Es, /Er =5.0 





Fic. 4. Natural frequencies of annular plates Fic. 5. Natural frequencies of annular 
vibrating in fundamental mode for K=0.01 plates vibrating in second mode for 
and WV = 10.0. K = 0.01 and N = 10.0, 


Figure 6 shows the effect of in-plane force parameter on the natural frequencies 
in the presence of elastic foundation K = 0.02. Itis observed that the frequency 
parameter Q increases as the in-plane force parameter N increases for all the boundary 
conditions considered here. The effect of orthotropy is found to decrease with the 
increasing values of N for all the three boundary conditions. A similar behaviour of 
frequency parameter for the second mode is observed from Fig. 7. 
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Fic. 6. Natural frequencies of annular plates for 
first mode of vibrations for b/a = 0.3 and 
K = 0.02. 


Fic. 7. Natural frequencies of annular 
plates for second mode of variations 
for b/a = 0.3 and K = 0.02. 


In Figures 8 (a,b, c) normalized displacements and moments are shown for 
N = 10.0, K = 0.01, bla = 0.3 Eo/E, = 5.0and « = + 0.3 for the first two modes 
of vibrations. It is clear from the plots that the lines along which moments vanish 
shift towards the outer edge as the plate becomes thinner and thinner at the outer 
edge for all the three boundary conditions except for F-C plate vibrating in second mode 


(where the behaviour is just the reverse). The radii of nodal circles fora = 


= — 0.3 are 
less than those for « = 0.3 for all the three cases. It is seen that the transverse deflec- 


tion for a F-C plate for « = — 0,3 is always less than the corresponding deflection 
for« = 0.3, but this is not the case with C-C and C-S plates. For these cases the 
transverse deflection for « = — 0.3 js greater than those for « 


= 0.3 towards the inner 
edge and vice versa towards the outer edge. 


The critical values W., of WN, corresponding to the critical buckling load in 
compression, for K (= 0. 00, 0. 01, 0.02), bla (= 0.1, 0.3, 0.5), a = — 0.5 (0.2) 0.5 
and E/E = 5.0 for all the three plates are given in Tables (1—3) for both the modes 
of vibration. Figure 9 shows the plots for Q versus WV for bla = 0.3, K= 0.01, E/E, 
= 1.0, 5.0 and « = + 0.3 for all the three plates vibrating inthe fundamental mode. 
It is evident that the buckling loads for C-C plate is higher than those for C-S and 


F-C plates, whatever may be the value of the taper constant a, the radii ratio b’ 


a and 
the foundation parameter K. 
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K-03 





Fic. 8a. Normalized displacements and moments Fic. 8b. Normalized displacements and 
F-C annular plate for first two modes of moments for C-S annular plate 
vibrations for b/a = 0.3, N =10.0, for first two modes of vibra 


tions for bla = 0.3, N = 10.0, 
K = 0.01 and E,/E, = 5.0. 


K = 0.01 and E£,/E, = 5.0. 


2° 
i) 
a) 


ormand Mnorm 


——> WwW, 
1 
° 
yn 





Fic. 8c. Normalized displacements and moments for C-C annular plate for first two modes of 


vibrations for b/a = 0.3,V =10.0, K=0.01 and E4/Er=5.0. 


d that the presence of elastic foundation increases the value of 


It has been foun 
the increase in orthotropy also increases the values of 


critical buckling load. Further, 
N-, in all the cases. 
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b/a=0.3, K=0:01 


C=C 
----- C-S 
—x— K—F-C 





Fic. 9. Buckling loads for C-C, F-C and F-C annular plates for fundamental mode. 


Table 4 shows comparison of the results with those available in the literature. 
In this Table, our results for isotropic/orthotropic annular plates of uniform thickness 
show very good agreement with those of 2%, 


6. CONCLUSIONS 
The effect of polar orthotropy together with elastic foundation and in-plane 
forces on axisymmetric vibaations of annular plates of parabolically varying thickness 
has been analysed on the basis of classical plate theory. The vibrational characteri- 
stics of annular plates in absence of peripheral loading (i. e. VW = 0.0) as well as elastic 
foundation (K = 0) have been studied as special cases. 


It has been found that © and critical buckling load /V., increase for the increasing 
values of foundation parameter, rigidity and radii ratios and in-plane force parameter 
for all the three boundary conditions whatever may be the value of taper constant, Thus 
the desired frequency can be achieved for a specified plate by a proper choice of various 
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TABLE 1 
Critical buckling loads in compression for C-C plate for Eg/E, = 5,0, Vee 0:3. 
= 
K = 0.0 
0.1 I —253.62 —188.95 -~135.20 —112.14 — 91.47 — 56.94 —30.89 
Il —506.35 —378.07 —270.34 —223.85 —182.10 —112.35 —60.04 
0.3 I —349.89 —255.91 —179.18 —146.79 —118.14 — 71.31 —37.26 
II —711.87 —521.35 —364.93 —298.70 —243.04 —144.10 —T74.55 
0.5 I —677.67 —481.53 —325.88 —261.87 —130.64 — 81.83 —45.46 
II —1399.86 —994.58 —672.56 —540.04 —206.35 —147.59 —77.35 
K= 0.01 
0.1 I —268.33 —202.22 —116.01 —123.02 — 78.45 — 65.11 — 37.00 
II —511.76 —382.95 —228.71 —227.87 —153.12 —115.43 —62.43 
0.3 I —358.45 —263.80 —186.32 —153.52 —124.43 — 76.63 —41.43 
II —714.62 —523.89 —367.23 —300.88 —242.07 —145.83 —75.93 
0.5 I — 681.64 —485.37 — 329.44 —265.26 — 209.60 —121.38 — 60.56 
II —1401.12 —995.77 —673.65 —541.09 —426.07 —244.28 —119.54 
0.1 I —282.76 —167.22 —120.39 ahs — 82.38 — 72.79 —42.52 
II —517.22 — 323.39 —229.92 —231.97 —154.21 —118.61 —64.94 
0.3 I — 366.96 —271.64 —193.39 —160.18 —130.64 — 81.83 —45.46 
II —717.38 —526.44 —369.55 —303.06 —244,12 —147.59 —77.35 
0.5 1 —685.82 —489.19 —332.98 —268.64 —212.76 —124.17 —62.83 
II —1402 38 —996.95 —674.75 — 542.14 —427.07 —245.25 —120.26 
TABLE 2 
Critical buckling loads in comprsssion for C-S plate for Eg/E, = 5.0, ve = 0.3. 
hla4\“* mode, —0.5 —0.3 —0.1 0.0 0.1 0.3 0.5 
K = 0.0 
0.1 I — 90.81 — 70.14 — 52.59 — 44.85 — 37.74 — 25.27 —15.90 
II —360.15 —-270.21 —194.46 —161.67 —132.13 — 82.47 —44,79 
0.3 I —130.08 — 98.29 — 71.67 — 60.14 — 49.71 — 31.96 —18.11 
II —501.29 —371.68 —261.58 —214.82 ~ 173.29 —105.05 —55.10 
0.5 I —259.25 —189.09 —132.15 —108.22 — 87.11 — 52.72 —27.76 
If —997.27 —708.79 —481.95 — 387.28 —306.29 — 176.73 — 87.23 
K ='0.01 
0.1 I —-102.22 — 80.53 — 61.85 — 53.50 — 45.74 — 31.84 —19.95 
II —368.82 —227.97 —201.27 —167.98 —137.94 — 87.22 —48.39 
0.3 I —137.29 — 104.97 — 77.75 — 65.88 — 55.09 — 36.53 —21.70 
II —509.85 —375.79 —265.27 —218.29 —176.53 —107.77 —57.25 
0.5 I —262.83 —192.47 —135.29 —111.23 — 89.96 — 55.21 —29.81 
II —997.63 —711.60 —483.69 —389.64 —307.87 —178.08 —88.34 
K= 0.02 
0.1 I —113.20 —- 90.35 — 70.59 — 61.59 — 53.14 — 37.74 —24.13 
II —337.64 — 285.89 —208.25 —174.48 —143.94 —92.17 —52.19 
0.3 I —144.42 —111.55 — 83.70 — 71.48 — 60.31 —40.90 —25.04 
Il —51.439 -—379.94 —269.03 —221.83 —179.14 — 110.59 —59.50 
0.5 I —266.40 —195.93 ~ 138.41 —114.21 — 92.79 — 57.68 —31.82 
—999.65 —713.50 —485.44 —391.31 —309.43 —179.45 —89.46 


II 
ee ee 
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TABLE 3 
Critical buckling loads in compression for F-C plate for Eg/Er = 5.0, vg = 0.3. 
bla| EO 1 —0.5 —0.3 —0.1 0.0 0.1 0.3 0.5 
K = 0.0 
0.1 I —115.38 — 82.99 — 57.36 — 46.80 — 37.61 —22.96 — 37.39 
II —320.73 —242.10 —176.17 —147.57 —121.65 — 76.73 —59.68 
0.3 I —118.95 — 85.31 — 58.87 — 48.03 — 38.61 —23.58 —39.49 
i —352.15 —257.96 —181.04 —148.63 —120.01 —73.38 —72.62 
0.5 I —141.78 — 97.79 — 64.47 — 51.28 — 40.12 —23.11 —46.05 
II —564.43 —397.73 —266.49 —212.49 —166.77 —94.62 —124.23 
K= 0.01 
0.1 I —155.48 —118.94 — 89.13 — 76.43 — 65.05 —45.71 —30.05 
IL —350.43 —261.99 —187.89 —155.95 —127.27 —79.34 — 43.29 
0.3 I —145.14 —109.70 — 81.31 — 61.40 — 58.84 —49.22 —27.35 
Il — 358.53 — 264.38 —187.03 —154.20 —125.03 —76.95 —41.43 
0.5 I —155.58 —110.92 — 76.86 — 63.24 — 51.62 —33.50 —20.86 
II —566.71 —400.37 —269.37 —215.85 —169.64 —97.17 —47.92 
K = 0.02 
0.1 L —189,498 —149.92 —116.74 —102.20 — 88.82 —64,.80 —42.12 
II —359.715 —270.37 —195.33 — 162.93 —133.81 —99.53 —49.59 
0.3 I —170.57 —133.52 —103.25 — 90.30 — 78.60 — 58,32 —40.86 
II — 364.13 —269,.53 —191.68 —158.58 —129.12 —80.42 —44,30 
0.5 I —169.24 —123.67 — 89.16 — 75.12 — 63.01 —43.74 —29.51 
II —569.85 —403.36 —272.18 —218.56 —172. —99.53 —50.04 
TABLE 4 


Comparison of frequencies for Isotropic/Orthotropic annular plates of uniform thickness 


N = 0.0, K = 0.0, v9 = 0.3, bla = 0.3, 2 =0. 


Boundary Values of Rigidity Ratio Ea/Er 


condition | mode | 1.0 5.0 
45.35 48.35 
I 45.29* 48 .32** 
i 45.28 ** 
C-C 
II 125.35 
125.39* : 129.59 
29.98 33:27 
I 29.90* 32.99** 
29.93 ** 
C-S 
II 100.42 104.77 
100.44* 
I 11.42 
11.41* 16.33 
F-C : 
II 51.74 $2.50 


Se 
*Values taken from Vogel and Skinner,!° 


**Values from Gorman)’. 
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plate parameters. The above analysis will be of great help to design engineers for in- 
creasing the buckling load of structural components. 


A close agreement of our results with those of exact values of Vogel and 


Skinner’ and that of Gorman” by finite element technique shows the versatality of the 
present approach. 


Ce MIAN WYNNE 
OY*rpucwmrat > 
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